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0 Introduction

These set of notes are for the Supersymmetry and Supergravity classes in 2026.

Supersymmetry, in my opinion, is still a very important topic to study. It is still used in
many BSM phenomenology research, mathematical research and of course, string theory.
Below is my very poor attempt to complement Michele’s amazing course which is based
mostly on [1]. T wanted to give a more complete picture in the classes, so below is my
rudimentary attempt to do that.

This set of notes is riddled with mistakes, so please let me know if you find any. A
quick health warning too — most of the appendices are really just my own notes (because
I like maths and physics) so if you don’t like formal stuff, don’t read anything beyond
Appendix A. I don’t want to be responsible for anyone getting hurt.

1 Spurions, Naturalness, the Hierarchy Problem and SUSY

Supersymmetry is the symmetry between fermions and bosons. To put it simply, there is
a natural splitting of the Hilbert space H as,

H=HpDHF, (1.1)

where Hp and Hp indicates the Hilbert space with an even and odd number of fermionic
excitations respectively. The operator O,

Q:Hpr— HrB (1.2)

with the following two properties:
Q*=0, (1.3)
{Q,Q1}y =2H . (1.4)

Here H is the Hamiltonian of the theory. There are immediately two consequences of
having this symmetry generated by Q.

1. [H,Q] = 0. This Q actually commutes with the Hamiltonian so it is a symmetry.

2. (V| H|¥) > 0 for any |¢) € H, which is an equality if and only if Q [¢) =0 = QF [4).
This means that for a supersymmetric vacua Fy =0 .

Before we continue, I want to begin by asking the question — why should we study super-
symmetry? To do this, let me first introduce the concept of spurions.

IThis point, as we will see, will become important in SUSY-breaking.



1.1 Spurions and technical naturalness

Let us define spurions as follows.

Definition 1.1. A spurion field in a theory is a parameter which breaks an enhanced
global symmetry G.

This definition requires a bit of an explanation. Typically we can enhance the symmetry
of a theory by allowing fictitious background fields to transform under a symmetry group.
Such background fields can be constructed by effectively treating a parameter as a field —
when this field takes a vacuum expectation value, this spuriously enhanced symmetry will
then be spontaneously broken by the VEV (which is the parameter value). This field, is
then known as a spurion field.

Let me illustrate this with an example. Consider a single complex scalar field and a Weyl
fermion with the following Lagrangian,

L= —/d4x [aﬂqﬁaﬂqﬁ* +iv gy — M3l + %Mww . (1.5)

First note the global symmetries in the system when the mass terms are ignored. There
are two global U(1)-symmetries, namely ¢ — e ¢ and ¢ — e 4; and a shift symmetry
on the scalars, ¢ — ¢ + c where c is a constant. Here we can distinguish the spurions
associated to the global symmetries. Clearly, if we set My — 0 then we recover the shift
symmetry; whilst if we set M, — 0 we will get the chiral U(1)-symmetry recovered —
hence My and My, are the spurions for the global shift and chiral symmetries respectively.

Why is the idea of spurions important? Turns out spurions allow us to make order-of-
magnitude estimates to parameter scales in our theory. Recall that in QFT we have learnt
that any field theory could be (and arguably, should be) interpreted as an effective field
theory with scale cut-off A. This scale cut-off gives the scale when theory breaks down
and the description of the theory is no longer valid for the energies beyond that scale. If an
EFT comes from a field theory of a higher energy cut-off (like in HEP), one can now ask
the question — are the parameters of the low-energy effective theory physically natural —
i.e. do we have to choose particular parameters in my high energy theory to make certain
parameters in my low-energy theory? Dirac originally considered this and came up with a
very simple approach [2].

Definition 1.2 (Dirac’s naturalness principle.). Suppose we have two QFTs, S; and Sa,
with cut-offs A; and Ay and Ay > As. Then all the parameters in the low-energy theory

A
@ (D2
c 1) (A1> . (1.6)

In particular, ¢c® < O (%) will be unnatural.

must be at least of the order,

This turns out to be too stringent of a requirement. The modern understanding of natu-

ralness comes from 't Hooft [3] who introduced the idea of technical naturalness 2.

2Note that this definition is different from the modern definition of technical naturalness.



Definition 1.4 (’t Hooft naturalness). The effective interactions of a theory at a scale
Ao < Aq should follow from the properties of a theory at a scale A1, without the requirement
that various parameters in the high energy theory should match at the order ~ Ay/A;. In
particular, if a parameter a(A) is small in the low-energy theory, setting a(A2) = 0 must
increase the symmetry of the system.

't Hooft’s idea comes from the observation that parameters can be set small if it is a
near symmetry — i.e. there is some approximate symmetries that we can break weakly to
obtain this small parameter. Otherwise, the small parameter must come from some careful
construction of small parameters in the high-energy scale or parameters of similar scale
but differ by the order ~ O(Az/Aq).

Translating into spurion language, this means the spurion can be small as it is parametrises
the breaking of a global symmetry. Nice. Let us now look at the consequence of naturalness
in the quantum corrections of the spurion. Quantum loop order effects should correct the
spurion field, and in general we will have, for ¢ a spurion,

Cphys = Co + dc , (1.7)

where ¢ is the parameter (the free field) in the theory and dc is the quantum corrections
caused by loop effects in the theory. Let us think about what happens when we set
¢ — 0 to restore some global symmetry G. Clearly, when we have a near symmetry,
Cphys < 1. The bare coupling clearly contains divergences sensitive to the cut-off scale A
and renormalisation scheme dependences that is cancelled by dc¢, so we in general have

oc = f(c,A) . (1.8)

At this point f(c, A) can be any function we want. But we can do better. Remember what
a spurion field is. A trick in spurion analysis is to promote the spurion ¢ to a field in a
theory, ¢ which takes the parameter value as its vacuum expectation value,

@ =c. (1.9)

What does this have to do with quantum corrections? Since setting ¢ — 0 restores the
global symmetry, we must have dc — 0 in this case. To put it more explicitly, suppose we
now promote ¢ to a field ¢ and compute the quantum corrections to its vacuum expectation
value. Then since the global (spurion) symmetry is preserved, we must have,

5(¢) ~é, (1.10)

Definition 1.3 (Technical naturalness). Parameters in a theory are called technically natural if their
size in the UV theory is not spoiled when renormalised down to the IR at intermediate scales.

This definition is important as it is possible for parameters to be technically natural but not 't Hooft natural
— for these cases an assumption is made about the absence of additional physical thresholds (corrections
due to integrating out high-energy modes) intermediate between the UV and the IR which could induce large
corrections in the absence of a symmetry. An example would be the super-Higgs model — supersymmetry
protects the renormalisation of the Higgs mass parameter m2, but setting m% — 0 does not recover any
global symmetry. The physical thresholds are absence owing to the presence of supersymmetry.



as both sides must have the same charge. In the simple model with a Weyl fermion above
for example, we must have,
IMy ~ Myf(A,...) (1.11)

where f(A,...) must be a charge-invariant function. Why can’t I add in some term which
has the same charge as the spurion field M,? Suppose we have at some energy Aj; where
My = 0. Quantum corrections will now mean that at lower energies M, is regenerated as
an operator — but My1) is protected by the (spurious) chiral symmetry 31 Therefore,
f(e, A) actually has the form,

fle,A)=c(1+---), (1.12)

and have therefore arrived in the important result:

Proposition 1.1. If a spurion in a theory breaks a particular symmetry, then the size
of that parameter will not receive any large corrections in perturbation theory, so it is
technically natural for it to be small.

Note that here we have distinguished between a mass M; of a theory and a scale Ay. Very
briefly said, the mass M is where new physics comes in, whereas the scale A; tells you the
highest energy that the theory has predictive power. So they are very different things 4.

1.2 The renormalised operators and the naturalness problem

Let us go back to QFT and look at operators in an effective field theory. Recall that
a general effective Lagrangian is defined by the field content and the symmetries. An
operator of dimension d will have the coefficient in the Lagrangian,

1

5£eff ~ j\di_D

O4 (1.13)

where D is the dimension of the theory. To calculate a physical quantity, we could imagine

an expansion of the form,
d—D

M

with M the kinematic scale of the physical process and A the scale of the physics. We
see how operators of dimension d > D have less significant effects at low-energies — so we
call them irrelevant operators. In contrast, the effects of the operators with dimension
d < D increase with energy so we call them relevant, whilst the ones with dimension
d = D are called marginal as they are independent of energy.

Let us now consider what happens to our parameters when we have relevant operators that
cannot be forbidden by symmetries. Recall a model that all of you have seen in QFT (see

3This means in the eyes of Wilsonian EFT, any field A with the same charge as M, will generate the
coupling Ay which is the same as the mass term we start with. If we wish to restore the global chiral
symmetry without any spuriousness, we must set My, = A = --- = 0, and this term must not be regenerated
under renormalisation.

4The interested among you can pursue this point of view further in [4]. My discussion of spurions is
loosely based of his notes as well.



Problem Sheet 4). We have a field theory consisting of a scalar with mass p and a Dirac
fermion 1 of mass m described by the Lagrangian density °,

1 — _
L= (0u00") — 12¢%) + $(in" 0y — M) — gt + Ling(9) + Lev. (1.15)

First let’s apply spurion analysis. Notice that because of the interaction term (say Lin(¢) =
—%qb‘l), there is now no global symmetry that is recovered when p? — 0. We must simulta-
neously set A, u? — 0 for the shift symmetry ¢ — ¢ + ¢ to be restored. Therefore —%;ﬂqﬁQ
is a renormalisable operator that are not forbidden by any global symmetry.

But consider now what happens when we carry out a one-loop calculation on 2. The
renormalised scalar mass /ﬁ% can be calculated by using some regularisation scheme to
obtain (schematically),

2

2 _ 2 C3Y~ 9

where c3 is a constant that depends on the regularisation scheme and we have matched

(1.16)

the scales at © = m. Notice the dependence on the fermion mass m. This means that to
make the scalar light compared to the mass-scale m, we will need to tune the renormalised
couplings in the fundamental theory such that the bare mass ;i cancels out with the term
involving m? — there is no obvious symmetry principle motivating this, and we say that
the scalar mass p is fine-tuned.

This suggests the following statement.

Definition 1.5. The naturalness problem for scalar mass parameters states that
the renormalised mass for scalar particles in a theory is quadratically dependent on some
UV scale Ayy. The relevant operators that are not forbidden by symmetries are generally
sensitive to heavy physical thresholds in the theory. This problem is regulator-independent
— this dependence on UV scale will exist regardless of the regularisation scheme chosen.

To summarise, the naturalness problem arises as in general renormalisable couplings in
our theory will have scale-dependent loop contributions to scalar mass parameters. This
means that although the low-energy theory alone does not suffer from any problems 6, if
we expect the fundamental theory to be finite and fully predictive, then these divergences
mean by restricting ourselves in a subset of the full theory (the low-energy theory), we
have neglected finite, physical contributions from the missing parts of the theory (in this
case, the high-energy modes). This dependence on cut-off scales A, entirely removable by
renormalisation, provides a useful proxy for the dependence on physical scales (UV-scales,
Auv) in a more UV-complete theory.

Let us go back to the theory defined in Eq.(1.15).

L= % (0,00" ¢ — u2*¢%) + Y (iv"0y — m) — gdbih + Ling(¢) + Les. - (1.15)

°T would like to thank my office mate Gaurang for enlightening me this example.

5By this I mean we can choose an appropriate renormalisation procedure to absorb the divergences
encountered in loop calculations. You can also check that here x? is not technically natural in the sense
defined in Definition 1.3, since there are now threshold corrections (~ m?) when we do renormalisation.



Remember in that question we were asked to calculate explicitly the counter-term for a
scalar three-point function,

1
6Lt D —§5n¢3 . (1.17)

Why did we need this counter-term in the first place? Notice the presence of the Yukawa
term in Eq.(1.15) breaks the Zs-symmetry,

Zy:i s —o, (1.18)

and g is a Zo-spurion. Therefore, loop corrections of parameters that breaks this symmetry
must be accompanied with odd powers of g. In particular, after a long calculation, we will

obtain,

3 2
Sy = —g3m4—7T210g + fn + O(g") (1.19)

Here, g is a spurion and it is technically natural. However, because of the Zs-symmetry,

m?2

radiatively all terms that are invariant under the spurious symmetry (by promoting g to a
field) g — —g will be generated, in particular, the term,

5L ~ ne® (1.20)

will be radiatively generated with the correction given in Eq.(1.19). This now illustrates
the totalitarian principle clearly — where anything that is not forbidden by a symmetry
must be included (in this case, a spurious symmetry).

1.3 The hierarchy problem

We can now state the hierarchy problem.

Definition 1.6 (The EW hierarchy problem). The electroweak hierarchy problem is
the naturalness problem that the Higgs mass being sensitive to the UV scale.

Let us illustrate this problem in a bit more detail [5]. The Standard Model can be treated
as an effective field theory up to some cut-off scale Agy;. We can compute the one-loop
corrections to the Higgs mass,

2

A 9 3
oy =125 (o2 + 502+ 27 o) (121)

If we treat the SM as an EFT with a cut-off Agy, recall from the previous subsection that
we can simply interpret these divergences as corrections that can be cancelled out by an
appropriate renormalisation scheme. However, we know from our physics education that
the SM is not the end of the story. Gravity is not incorporated, and when we put the SM
in some more complete theory with physical scales these divergences will be replaced by
finite contributions dependent on Ayy. In particular, the typical argument goes — when
we set this Ayy ~ Mp where we expect quantum gravity effects to come in, then,

om% ~ M3 > m? (1.22)



where m%{ is the double mass parameter inferred from the Higgs VEV v and Higgs mass
m,zl This is the known as the electroweak hierarchy problem, and it is by comparing scales
that we know A ~ 500 GeV is when new physics should start to enter.

We however still don’t know what the new physics is. And it is in this context that
supersymmetry first came up as a plausible solution to new physics.
1.4 SUSY and hierarchy problem

Let us look at how SUSY saves the hierarchy problem — but we will first need to do some
calculations. Recall that in the Standard Model the Higgs field H is a complex scalar with
a scalar potential of form,

V =m%|H|? + \H|*, (1.23)
which gives the vacuum expectation value of
miy

(H) = \[-21

(1.24)

The problem however is that m%{ receives huge quantum corrections from virtual effects of
all particle phenomenology that couples directly or indirectly to H, namely the term

LD -NeHff. (1.25)

Let us in particular calculate the one-loop contribution to m%[ The one-loop fermionic

contribution is given by the following diagram,

H H
om¥ = ---Q-- + ... (1.26)

which is given by (using f = ¢ as the top quark gives the leading-order contributions)

i = 0N [ [ ()] 0

If we use the hard-momentum cut-off, this term will evaluate to become,

Nc‘)\tP A2 +m2

This is where SUSY comes in. Suppose we have N new scalar particles ¢, and ¢, which
gives the Lagrangian,

A
Lscalar = —§H2 (loLl* +1¢r1?) — H (urloLl? + prlorl?) — milool> — milorl*, (1.29)

then when N = N., A = |)\/? the quadratic divergences from the fermionic loop in
Eq. (1.28) will be cancelled and setting m; = my = mpg and u3 = p% = 2 m} then
also cancels out the logarithmic divergences [6]. The key is that supersymmetry seems to



give a way out of this and it is a very elegant solution.

The sad thing is, with our good friend the LHC we have so far found no evidence of su-
persymmetry at 500GeV. In fact, the models that involve coupling supersymmetry to the
Standard Model in the most simple way, known as Minimal Supersymmetric Standard
Models (MSSM), have now been ruled out by the LHC experiments. So to say that you
should study supersymmetry because it solves the hierarchy problem is no longer, in its
simplest form, valid .

1.5 The reasons why you should do supersymmetry

Okay. So we are back to square one. Not all hope is lost though. What I would really want
to convince you is this — supersymmetry is still worth learning. And I have come up with
three reasons.

1. Understanding QFT better. Throughout the course I will emphasise how much
supersymmetry gives us amazing control. The reason is thus — from the QFT courses
you have already seen how messy QFT are, even just on the perturbative level. This
is basically all we know how to do, and when the coupling goes strong we basically
are forced to stop. Supersymmetric field theories are a subset of QFTs, but they
turn out to place strong restrictions on the dynamics of the theory and therefore
make things tractable. They also highlight many concepts that turn out to be very
useful in understanding to wider class of QFTs, such as dualities, phase transitions
and more.

2. SUSY and mathematics. Supersymmetric theories turns out to have a lot of deep
connections with mathematics. In particular, the study of topological index theorems
is manifest in supersymmetric theories of low dimensions and it is in fact where many
current geometry and topology research is on. If you are interested, you can have
a quick look at Appendix B where I have illustrated how the localisation principle
highlights this relationship with topology.

3. SUSY and phenomenology. Ultimately we want to describe the world. However,
as we have illustrated, SUSY does not exist, at least to our best knowledge, at TeV
scale where we had expected new physics to pop up. This is not the end though.
There is still about 15 orders of magnitude between Mp and Apygc, and one can per-
haps hope that supersymmetry will show up at some point. I am a string theorist,
and if you were to believe that string theory is the best way to explain the world (as
far as we know, it is the only consistent quantum gravity theory), then it seems like
supersymmetry is needed for string theory. The reason is two-fold — on a historical
perspective, adding fermions to string theory automatically gives you local supersym-
metry (supergravity). Non-supersymmetric string theories seem to be inconsistent .
On a practical perspective, superstring theories are a lot better understood precisely

"This is the viewpoint I take. There are however still a lot of people that argue otherwise.
8] must admit even as a working string theorist I know very little about non-supersymmetric string
theories, so I am taking the communities’ word on this.



because of the control SUSY buys us. So it might still be true that SUSY is there,
and out-of-touch of whatever experiments we can construct. There are thousands of
literature out there on the exact mechanisms of supersymmetry breaking (and how
it related to other problems in string theory) and we will briefly discuss this later.

All hope is not lost. And I would advise you to stay with me and have fun on this little
journey where we explore the many fun things about supersymmetry.

2 Spinor Representations

We can ask ourselves what we will need to understand supersymmetric field theories. Since
supersymmetry is a symmetry between bosons and fermions, it is prudent for us to under-
stand how to write down fermionic fields. How do we write down fermionic representations
of the Lorentz group? This is the subject of this section.

2.1 Projective representations and spinors

In quantum mechanics, we know that physical states live in a Hilbert space. This is clearly
the same in quantum field theory — a QFT is based on quantum mechanics, and the states
in a QFT should be represented by a ray in a Hilbert space H. Why a ray? The physical
states in QFT are identified up to a c-number,

U~el, ceC, (2.1)

and typically we normalise the state so the states are identified up to a phase.

What does this have to do with our discussion? Recall the argument in Groups and
Representations last term — we have some symmetries in a physical theory, and we will
need some way to mathematically describe them in QFT. This is done via groups and
representations — symmetries are abstractly described by a group structure, and its effects
on the space of states are described by its representation on that vector space. Notice that
our space is set of rays in a Hilbert space — our representation space is actually not
the Hilbert space, but the projectivised version on that. Instead of ‘normal’ or ‘regular’
representations, we should really look at something known as projective representations.

Definition 2.1. Let G be a group and V a finite-dimensional vector space over a field
F. Amap p: G — GL(V) is a projective representation of G over F if there exists a
mapping « : G X G — F* such that the following two properties hold:

(1) p(z)p(y) = alz,y)p(zy) , Yo,y € G.
2) p(1) = idy.
The two conditions imply that « satisfies the following properties:
(i) a(z,y)a(zy, z) = ay, z)a(z,yz) , Yz,y,z € G.
(ii)) a(z,1) =a(l,z) =1, Vz € G.



Alternatively, one can define projective representations as a map p: G — PGL(V), where
PGL(V) is the projective linear group of V.

Our physical Hilbert space is intrinsically a projective space, so the phase a(x,y) cannot
be eliminated in any way. This has quite a few mathematical consequences. In deriving
the Lie algebra for any symmetry, we will actually arrive at the central extension of the
Lie algebra ?,

[T(u Tb] = Z-fabc,Ta +ifpel (22)

The second term is known as the central charge — this modifies the Lie algebra and
admits new classifications of representations. Intrinsically projective representations can
arise in two ways — either via the presence of this central charge, or by the fundamental
group 71(G) of the Lie group. We will not pursue this general line of thought here, but

the interested amongst you can have a look at [7, 8].

We will however focus our attention on the Lorentz group SO(1,3). In particular, do
intrinsically projective representations arise via algebra and/or topology? You probably
remember from last term that we have this identity,

SL(2,C)

SO(1,3) = =2
2

(2.3)
The Lorentz group is not simply connected. So it must have intrinsically projective repre-
sentations. In particular, since a double loop that goes twice from 1 to A to AA and back

to 1 is contractible, let us write,
- ~ 72
U(A)U(A)U—l(AA)} ~1, (2.4)

and rearranging gives,

UAU(A) = £U(AR) . (2.5)

The same is true for the Poincaré group. This has a very important consequence — this sign
identification gives two kinds of states. The states with integer spin will not be affected,
by the states with half-integer spin will have a sign change when going on 27 around the
axis. This gives a superselection rule — we do not mix states of integer and half-integer
spins.

Having a superselection rule is mathematically cumbersome. Turns out there is a way we
can work with regular representations. This requires the lifting the group G to the central
extension of the universal covering group of the classical symmetry group G — and it turns
out that the projective representations will then be lifted up to regular representations of
G. The details are sketched out in Appendix C, and I would encourage you to have a look.
The key idea, however, is to work with the central extended universal cover of SO(1,3)
— i.e. Spin(1,3) = SL(2,C). This is how we will construct representations of fermions —
some of the representations (spinor representations) of SL(2,C) will exactly give us what

we want!

9This is a whole other subject and requires a lot of mathematical exposition.

~10 -



2.2 Spinors — the physics approach

So we need fermions — the basic unit turns out to be something known as spinors. How do
we construct spinors representations? For the sake of clarity, we will work with SL(2,C)
and stick with four-dimensions for the time being. We will think about how to extend
these structures to other dimensions in the next subsection.

Recall that at the Lie algebra level we have the identification,
5[(2,C) = su(2) @ su(2) (2.6)

so we can label the representations of s[(2,C) with two numbers (j4,7j_). This is already
treated in Groups and Representations last term '°. The fundamental and anti-fundamental
representations of s((2,C) are exactly the Weyl spinors, which under some S € SL(2,C)
transform as,

Yo+ S, s (2.7)
i (575 (2.8)

We call these left-handed Weyl spinors ((j;,j_) = (4,0)) and right-handed Weyl

spinors ((j+,7-) = (0, %)) respectively. In particular, for a complex representation of a

Lie group, we can find another representation by taking the conjugate, i.e. we find a matrix
C such that S* = CSC~!, so the Weyl spinors are related by,

($a)T = s - (2.9)

The invariant tensors in SL(2,C) act as invariant tensors,

¥ 01 0 -1
af _ af _ — . =
€ =¢ —<_1 0), eaﬂ—fd5—<1 0), (2.10)

with the minus signs assigned such that eageﬁ"V = 04. As discussed in the lectures, this
allow us to build bilinears which properties we have checked in Q4 of the first problem
sheet.

We can now construct vectors. To do this note that vector representations are the repre-
sentations with (j4,j-) = (3,0) ® (0, ). We will need the Pauli matrices,

(0")ae = (12,0")ad - (2.11)

Now write a scalar related to a vector by X = x,0*, then you can show that (exercise!)
the spinor bilinear ¥ Xy = 1*X,4 X is invariant under SL(2,C). This means that ¢ oty
is a vector. you can similarly construct = e’ 0! with,

()8 = (1y, —0®)2e . (2.12)

and the vector is,
XoH ) = xa (") * Yy (2.13)

107f you have no idea what is going on, please have a look at §5.1-5.2 of Andre’s notes here.

- 11 -


https://www-thphys.physics.ox.ac.uk/people/AndreLukas/GroupsandRepresentations/groupsrepslecturenotes.pdf

Can we construct a different type of spinors? It turns out the representation (ji,j_) =
(1,0)@ (0, %) gives something known as Dirac spinors, which we can write as,

29
U= <¢3> . (2.14)
X

Here, we introduce the Dirac matrices,

B 0 o I % Hv
=l g ) = 0= (2.15)

Here o# = (1,0%) and # = (1, —¢") with ¢ the Pauli matrices. We call the last line (after
the arrow) a matrix representation that satisfies the Clifford algebra. Brushing all the
mathematical details aside for now (see the following subsection), the matrix representa-
tions v* gives the matrices,

5" = 1,01, (2.16)

which satisfies the Lorentz algebra. The vector space that these matrices act on by,
P e S[A1° g (A1) (2.17)

is precisely the (Dirac) spinor space. We will see how we can find spinor representations in
other dimensions by understanding the structure of Clifford algebras in diverse dimensions.

Back to 4d, and we now have Weyl and Dirac spinors '!. It is important for you, in this
course, to know how to operator spinor algebra. Let me summarise these rules as follows.

1. Contract undotted indices N\, ¥%xqo = ¥X.

2. Contract dotted indices 7, g X = ¥¥.

3. Treat all spinors as Grassmann-valued, 1)®® = —pBye.
4. Epsilon symmetry rules, e*? = —ef® = €8a-

5. Raising and lowering indices with epsilon in the front, ¥ = eaﬂwg and 1, = ea,gd)ﬁ
(similarly for dotted indices).
6. Contraction rule for sigmas, (7)% = % &b ag 5

You should perhaps have a go at the problem sheet again if you are unsure how to apply
these rules.

HThere are also Majorana spinors, characterised by

- 12 —



2.3 Clifford algebras and spinors

How do we extend this discussion to other dimensions? It turns out that we will need the
technology of Clifford algebras. The logic is as follows. Mathematically, we will first define
something known as a Clifford algebra which is an associative algebra over some field K
satisfying the relation,

PZ-FJ- + Fjl“i = 2Bij1 , (2.18)

where 1 is the unit in the algebra. Alternatively, we can treat Clifford algebras a la
Eq. (2.15), and then generate the Clifford algebras in different dimensions by tensoring
up Pauli matrices. The Lorentzian versions will need some extra work. We then properly
classify the Clifford algebras in different dimensions, and we will see that the spin algebra
is embedded in the even-graded part of the Clifford algebra (more on that later). Looking
at the representations of this subalgebra in different dimensions will then give the different

spinors.

I don’t want taint the main discussion of the notes with all the algebraic details. Instead, I
encourage you to read Appendix D for its gory details. A physicist’s way of understanding
Clifford algebras is reviewed in [9], and a mathematician’s approach can be found in [10, 11].

A Example sheets feedback

A.1 Problem sheet 1
A.1.1 Question 1 - Poincaré symmetry

The main goal of this question is to find out how operators transform under the Poincaré

group. There are some points to note:

(a) Some of you missed the fact that M, is antisymmetric. Of course this just comes
from the Lorentz algebra '?, but you should write,

M,, = —i(x,0, — x,0,) , (A.1)

and not,

~

M,y = —2i(2,0,) - (A.2)

If you write the last question, then you will need to also contract the indices with
some antisymmetric objects A*¥. Otherwise it will be incorrect.

(b) We want to check
U(Al,al)U(Ag,ag) == U(Ag,ag) 5 (A3)

where

As=MANAy, az3=Aas+ar. (A4)

128ee Andre’s course on Groups and Representations.
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The main point is that you need to make sure that the argument of the operator,
i.e. O(z), also transforms appropriately. This means, you should take the active
transformation carefully into account 3. In particular note that,

U(Asz,a3) " 1O(2)AU (A3, a3) = L(A3)FOP A3z — Ajtas) (A.5)

you should check that the argument of ©@F matches with the one obtained by carrying
out two transformations U; and Us back-to-back.

(c¢) This part is well done (apart from the arguments of the operators which I have already
commented on). The main thing to note here is the extra term obtained,

(M, O ()| new term = (—Syu)” 5 OF (@) | (A.6)

where S, is a representation of the Lorentz algebra. The term exists because the
field is now in a different representation space of the Poincaré group. You can think
of the scalar field infinitesimal transformation as giving the relation between the field
at A~z versus the field at . But since the field is now in a nontrivial representation
there must be an extra part coming from ‘representation space-contribution’.

A.1.2 Question 2 - Clifford algebra and Lorentz generators

This is just algebra. I don’t really have much to say about this. If you struggle then
opening any kindergarten QF T manual should save you. In particular, the last part requires
carefully writing out the indices of A’ = A*(S,,,,)f5, and you will need to figure out how
to write out (S,,,)"s.

A.1.3 Question 3 - The homomorphism SL(2,C) — SO(1,3)

This question aims to build the homomorphism
U:SL(2,C)— SO(1,3) . (A.7)

This is sometimes known as the spinor map. Note that this is a two-to-one map as we
will later find out that ker ¥ = {+15}. The image of the map is the identity component of
SORr(1,3), denoted typically as SOf?’(R). We then have,

PSL,C = SLyC

= SOI?,(R) , (A.8)

where we write SL(2,C) as SLoC and SO(1, 3) as SO1 3(R). Of course, since ¥ is a smooth
map and that SL(2,C) is simply-disconnected, the map will always land on the identity
component of SO(1,3), i.e. SOT(1,3) or A1 14 This is why there seems to be an ambiguity
when I define the map V.

Anyway, moving on to the question. Some points to note.

131n fact, everyone missed it.
14This notation is typically used to indicate the proper orthochronous Lorentz group.
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e Parts (a) and (b) are generally well done. I also discussed these briefly in the class.

e Part (c) is all about spinor algebras. In particular we want to show,

A(AD" A(Aw)” ) = AM(A1A2)", (A.9)
A(A)HVA(A)’)UUW =MNvo - (A.lO)

You should prove that,
Tr (alo" 410, ) Tr (40" Aza,) = —2Tv (AfAlo" 41 Az, ) (A.11)

for the first result and similarly for the second. This requires a bit of spinor algebra
which we have developed in Q4 and in the class, and you should use prove,

(6")%8(5,)70 = —2¢7¢P (A.12)
Don’t try and cheat your way through — it’s good practice.

e Part (d) is covered in the class — you should use the fact that since A € SL(2,C), this
gives constraints on the matrix components. Most of you stated that A = +15 implies
A¥, = 1", which is saying that Zy C ker ¥ but not the other way around. You need
to show that +15 are the only solutions to the kernel to complete the full argument
by, for example, using the method mentioned in the class (i.e. set A = <a ?) and

Y
imposing conditions).

e Parts (e) and (f) involve deriving infinitesimla versions of the map W, i.e. the Lie
algebra homomorphism,

qf : 5[2C — 50173C . (A.13)
The key point is to first derive the infinitesimal version of A(A)",,
1 1
L <5AT6“U,,) — 5 Tr (40, (A.14)
and note that this is antisymmetric '°. Now try and prove,
Tr (§Ac™)* = — Tr (5AT5-W) , (A.15)
which results in
A =2ReTr (6Aou) . (A.16)

The reverse of the map can be constructed by writing,
0A =y o, (A.17)
and try to evaluate Tr (¢/”0”7) to get Ay = =2y,
We actually haven’t computed the reverse map of W. This is in fact,

R
w)U#A O

2,/A",

with tr A = €| tr A|. The phase ¢’ can be determined up to +1 by imposing det A =1 16,

A=e (A.18)

15You should check this as an exercise.
6For the details of this construction see Hugh Osborne’s Group Theory notes, §4.3.
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A.1.4 Question 4 - Spinor algebra

This question is the most important one this sheet. You shoudl be really comfortable with
the spinor algebra manipulations. The important points are the following:

1. Undotted sum goes downwards from left to right, ¥%xq.-

2. Dotted sum goes upwards from left to right, 1ax®.

3. €W = ¢Ba = €Ba-
T
4. (UZO}) = O-Za'

ot

(617 = e (ot).
6. (01),5 (00)"° = —25353.

You should prove all of this, and then evaluate the identities in the question again (see [12]
for some identities). In particular, for (c)(i), the Schouten identity is useful:

€apol + €0k + 67a5g =0 (A.19)

A.2 Problem sheet 2

Under construction

Released after Class 2!

A.3 Problem sheet 3
Under construction

Released after Class 3!

A.4 Problem sheet 4

Under construction

Released after Class 4!

B Localisation

In this section we sketch out two properties of supersymmetric Lagrangians in zero dimen-
sions.

e Localisation. Partition function localises around critical points of the superpotential
in a supersymmetric theory.

e Deformation Invariance. Partition function is invariant under the change in the
potential.
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We will sketch out these two ideas in more detail. We will see how supersymmetric QFTs
have a special property where the partition function localises to specific points in the
functional space and how this is related to topological quantities. This section is mainly
based on David Skinner’s SUSY notes '7 and [13].

B.1 Localisation

The idea of localisation is simple - in a supersymmetric theory, the value of the relevant
path integral reduces to a much smaller-dimensional integral. In some cases this reduces
to counting contributions of certain points in the field space.

Let us illustrate this in the zero-dimensional case. Using Berezin integration rules, where

/d¢:o, /¢d¢:1, (B.1)

the simplest form of a non-trivial action is of the form &,

S(X, 1, 1) = So(X) — 1?8 (X) . (B.2)

The partition function Z, for which we define as,

Z = / [Tdx [] duve %), (B.3)

is then,

Z = / dXe 508 (X), (B.4)

using the Berezin integration rules. What is the simplest case for a supersymmetric trans-
formation to exist? We can define a real function called the superpotential ' W : 7 — R
where F is the space of functions = X and defining, ¢ = ¢! + iy? and v to be the con-
jugate variable let us write,

1
Solir) = 5 (OW (2))? (8.5)
Si(z) = *°W(x) , (B.6)
S0 1
Then the action S is invariant under the flow generated by the fermionic vector fields,
0 0
Q= ¢% + 8W(x)a—¢_) , (B.8)
0 0
T — p— — — .

" The notes by David Skinner in Cambridge is where I have learnt a lot of mathematical physics from -
they are really good and it would be a shame if you give them a miss!

18We will need at least two fermionic variables as the action is in the even algebra and %2 = 0.

19YWe call this the superpotential for nomenclature reasons - this will become clear when we look at other
theories.
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with the nontrivial transformations being,

Qz) =1, (B.10)

Q(y) = oW () (B.11)
and similarly for Q 29, These vector fields are exactly odd derivations of C°°(R'?) and are
the supercharges that generate supersymmetries of this zero-dimensional theory. Looking
at the anticommutators, we see that,

{Q,Q} = 26W(w)w£/; , {9l 0l = —MW(J:M;L , (B.12)
{Q,Q"} = oW (2) (1/18(1 - 881&) : (B.13)

It is a bit weird to analyse the supersymmetric algebra here but here we note two things -
firstly, the RHS of Eq. (B.13) shouldn’t be interpreted as the Hamiltonian - we don’t have
time in zero-dimensions. The second point concerns with Eq. (B.12) - we see indeed Q2 is
not zero in general but since ¥9?W (x) = 0 is the equation of motion the supersymmetric
algebra indeed vanishes on-shell 2!

Localisation from coordinate transformations.

Let us first try and understand localisation from a coordinate transformation perspective.
In particular, we would like to evaluate the path integral,

Z= / e Sdxd*y . (B.14)

Firstly let us isolate the neighbourhoods U where the derivative superpotential OW van-
ishes. Taking the complement U of I in F, we can change variables (z,,v) + (y, X, X)
where, -
_ Yy _ o
y=z— 0=, X=UvVOW, x=1. (B.15)
ow
The new measure is now,

dxd®y = \/OW (y)dyd?x , (B.16)

where Q(y) = 0 = Qf(y) so y is invariant under supersymmetry 2. We also see that the
action transforms as,

S1y,0,0] = 5 (OW (y))* = Sz, 7] (B.17)

2But with QT () = —6W (x).

21This is the similar to the case in the free Wess-Zumino model hen we missed out degrees of freedom.
Turns out we have simply missed out a bosonic auxiliary field - if we include such contribution, such as
using the superfield formalism in R%2 this will allow us to reproduce the full supersymmetry algebra with
{Q,9}={Q", 0"} ={Q, 0"} =0.

22In fact y is the only independent combination of (z,,%)) that is supersymmetrically invariant so any
invariant function will be a function of y.
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The contribution to the path integral is surprisingly,

1
Zye = — [ eSO oW (y)dyd*y =0, (B.18)
uc

2

due to the property of the Berezin integral. This means that the non-vanishing contribu-
tions to Z only comes from the neighbourhood U - this is exactly where the coordinate
transformation breaks down as W — 0 means the Jacobian of the coordinate transforma-
tion is no longer invertible. This leads us to the following key observation.

Proposition B.1 (Localisation principle.). Quantum field theories with supersymmetry
generically have path integrals that localise to a vicinity of a fixed point set.

How do we further evaluate this? Consider the case where W is a generic polynomial of
degree d with d — 1 isolated non-degenerate >* critical points. Then around this critical
point z = z*, we can write,

Wi(x)=W(z*) + =<(z—x*)>+..., (B.19)
with a. = 0?W (2*). Then the action becomes,

2
S, 0,5) = (o =" — act, (8.20)

and expanding the exponential in Grassmann variables in the integral will yield,

_7a2(x_1,*)2

Zm

Q¢
—_ (B.21)
* ‘O{c‘
which eventually leads to,
O?W (x*)
Z= — B.22
>, W) (B.22)

x*:8W|x* =0
This is a surprising result. We note that if d is odd then Z = 0, and if d is even then Z = +1

as we have d—1 critical points. Z just counts the number of times the superpotential crosses
W =024

There is perhaps another way to illustrate this result. To do this we will need to discuss
something know as deformation invariance.

23This means 82W|1* # 0.
240r if you like, the number of kinks as a one-dimensional instanton.
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B.2 Deformation Invariance

Deformation invariance can be summarised in one sentence: the path integral Z is sensitive
only to the order of polynomial in W.

What do I mean by that? Let’s suppose a quantum field theory has some symmetry
G where it leaves the action and path integral measure invariant. Then the correlation
functions of quantities that are variables of fields under the symmetry vanishes. To see
this, let’s suppose g is a field, and f is defined as the variation of ¢ under symmetry G,

f=dc¢, (B.23)

Then the expectation value of f is,

(f) z/fe_s = /6096‘5 = /5(96_5) =0. (B.24)

For the present case, we can set,

g=0p(X)y. (B.25)

Now the variation of g under supersymmetry gives,

f =€ (0pOW — PWyrp) | (B.26)
which leaves
(0pdW — PWeph) =0 . (B.27)
Now since the action is,
S(X,6,0) = 5(0W) — 60 W (B.7)

we can see that Eq. (B.27) gives the invariance of the correlation function,
(0,9) =0, (B.28)

under the transformation of the superpotential W +— W + p. This shows that the partition
function is invariant under a change in the potential - which is true as long as p is small
at infinity in field space when compared to h so the boundary terms in the argument will
indeed vanish 2°. In particular, we can rescale W + Ah, with A > 1. Then as long as,

OWe N @OW)?*/2 (B.29)

when |z| — oo, boundary terms will not appear and the partition function Z will remain
invariant. In particular, looking at the path integral Z now defined with this deformation
parameter A,

Z(\) = \/12? / dzd*pe= | (B.30)

%55 can be of the same order as h as long as the leading order term is smaller than that of h.
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where the action is now,

SA(X.15) = S (OW)? — GO (B31)

we see that, given the limit in Eq. (B.29) we will have,

d 1 _
EO) = Ner- / dzd?p QL (aWe ) | (B.32)

which gives zero as no boundary terms will survive. The deformation invariance of path

integral allows us to deduce that for A — 0, e~ A (OW)?/2 suppresses all contributions to
the integral arbitrarily strongly apart from around the neighbourhood U of points x* :

OW (z*) = 0. This is the other way to understand the localisation principle.

The deformation principle allow us to consider deformations of the superpotential W (z).
In particular, if W (z) is a polynomial of order d, then we can deform W (z) such that it
has no critical points if d is odd and only one critical point if d is even - this is the same
crossing phenomenon we have commented in the previous section, and we shall later see
how this generalises to topological formulae in higher dimensions.

B.3 Explicit evalution

In fact, it is possible to evaluate directly the path integral Z in Eq. (B.14). We can write,

1
Z=—— [ ded*ve®
V2T / v
1 1 2
— — | dz0*We 2OW)
V2T /

D 1.2
= —— [ dyye 2Y
V2T / v
- D (B.33)

where D is the degree of the map = — y = W (x). It enters the equation as the map is
not one-to-one. The degree counts the number of preimages of a given point taking into
account the relative orientation of each preimage with respect to its image so D is 0 and
+1 respectively in the cases where d is odd and even, exactly as before.

One more side comment. A ‘third’ way of understanding localisation is to interpret the
fermionic symmetry as some symmetry acting on the path integral G. In the most general
case when G is freely acting, the integral over G just factors out (c.f. integration over an
orbit in group theory like the Haar measure). The relevant integral here is fG df = 0.
However, our G, the group of fermionic symmetries parametrised by fermionic coordinate
0, has fixed locus Cy precisely in the open neighbourhood & C C where C = F is the space
over which the integral is performed. Localisation exactly comes from these fixed points
where the coordinate transformation is not well-defined as this is the fixed point of the
fermionic symmetry G (generated by QF).
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C Projective representations and covers

In the main text we have discussed how one should consider projective representations in
QFTs. The central argument there is that instead of considering the projective represen-
tation, we can lift the group to the universal cover of the group and look at its ‘normal’
representations.

To properly discuss this requires a bit of topology set-up — in this section I will aim to
provide a comprehensive account on what is needed to understand this theorem.

C.1 Covers and universal covers
We begin by defining what a covering map is [14].

Definition C.1. A subset U C X is evenly covered by « if U is connected and open,
and each component 7~1(U) is an open set that is mapped homeomorphically onto U by
.

Definition C.2. A covering map is a continuous surjective map = : X — X such that
X is path-connected and locally path-connected?®, and every point p € X has an evenly
covered neighbourhood. We call X the covering space of X and X the base of the covering.

Of course, everything so far is in the topology context. To specialise this to smooth
manifolds (which is what we want), we will need to restrict the definition to a very specific
type of covering map?7.

Definition C.3. Take F and M connected smooth manifolds with or without boundary.
A map 7 : E — M is called a smooth covering map if 7 is smooth and surjective, and
each point in M has a neighbourhood U such that each component of 7~!(U) is mapped
diffeomorphically onto U by w. We say U is evenly covered. We call M to be the base
manifold, and F a covering manifold of M. If E is simply-connected, it is called the
universal covering manifold of M.

Here simply-connected means every loop is path-isomorphic to a constant path 28. We want
to show that this universal covering exists and is in fact unique. I will here quote a few
lemmas and theorems without detailed proof - the details can be found in the references
[14, 16].

Theorem C.1. Suppose M is a connected smooth-n-manifold, and m# : E — M is a
topological covering map. Then E is a topological n-manifold, and has a unique smooth
structure such that 7 is a smooth covering map.

26Tt might be surprising to see how path-connectedness does not generally imply locally path-
connectedness. A counterexample is the topologist’s sine curve, y = sin(%) for z € (0,7) together with
closed arc connecting (0,0) and (7, 0) where the space is path-connected but not locally path-connected at
(0,0).

2TBy the way, if you are completely baffled by the definitions I just made, these are just mathematical
details that you can skip (if you want, but I am weird so I will babble on). Alternatively you should pick
up some topology books and start learning what topology is.

Z8Phrased in the language of the fundamental group at X, simply-connectedness simply means that the

fundamental group of a manifold at every point ¢ € M is the trivial group [14, 15].
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Proof. See Proposition 4.40 of [14]. O

Corollary C.1. If M is a connected smooth manifold, there exists a simply connected
manifold M - the universal covering manifold of M, and a smooth covering map
7+ M — M. The universal covering manifold is unique such that for any other universal
covering manifold M’ with projection map w', then there exists a diffeomorphism ® : M —
M’ such that ™ o ® = 7.

Proof. This is Corollary 4.43 of [14]. Since a proof is not given there I will give a sketch
of the proof. The first step is show that any connected and locally simply connected space
admits a unique universal cover. You will need some sort of path-connectedness arguments
(see Theorem 12.8 of [16]) - to show the path classes are lifted to the upper space, then
check several topological requirements (path-connectedness, topologies, covering maps).
Now by Theorem C.1 you have the existence of a smooth covering manifold of M that is
simply-connected. To show uniqueness, we need to find ¢ between any two universal covers
that is a diffeomorphism - to show this find open sets such that you can find a surjective
smooth submersion of W‘V_l must give you a smooth ¢ and ¢! in both directions. O

Now it is straightforward to generalise this to Lie groups.

Theorem C.2. Let G be a connected Lie group. There exists a simply connected Lie group
G, called the universal covering group of G, that admits a smooth covering map 7 : G — G
that is also a Lie group homomorphism.

Proof. See Theorem 7.7 of [14]. Essentially the idea is you now need to also do group
axiom checks on the universal covering group. O

Theorem C.3. For any connected Lie group G, the universal covering group is unique
in the following sense: if G and G' are connected Lie groups with corresponding smooth
covering maps 7 and 7', then there exists a Lie group homomorphism ® : G — G’ such
that 7' o ® = 7.

Proof. Again - this is similar to the proofs done above. See Theorem 7.9 of [14]. O

C.2 Projective representations

In the main text we have defined projective representations of G as the map p : G —
PGL(V). Let me expand a bit on the definition stated above and make things a bit more
precise. Recall in quantum mechanics we need states to be positive-definite to have a
notion of probability in the Hilbert space — operators are therefore unitary or anti-unitary
by Wigner’s theorem. Then, we have the following definition.

Definition C.4. Let U(V) be the group of invertible linear transformations of a finite-
dimensional Hilbert space V' over C that preserve the inner product. A finite-dimensional
unitary representation of a matrix Lie group G is a continuous homomorphism of II :
G — U(V) for some finite-dimensional Hilbert space V.
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Definition C.5. Let V be a finite-dimensional Hilbert space over C. The projective
unitary group over V, denoted PU(V) is then the quotient group

PU(V)=U(V)/e®I (C.1)
where €I denotes the group of matrices in U(1)I, I being the identity matrix.

This establishes the codomain of the representation map. In particular, it can be shown
that PU(V) is isomorphic to a matrix Lie group?”. Now let Q : U(V) — PU(V) be
the quotient homomorphism and let ¢ : u(V) — pu(V) be the associated Lie algebra
isomorphism. We note that given an ordinary unitary representation ¥ : G — U(V), we
can always form a projective representation Il : G — PU(V) by setting II = Q o ¥. This
is equivalent to saying the following diagram commutes:

7 N

U) PU(V)

Note that not all projective representations arise in this fashion. I will state the following
propositions without detailed proof.

Proposition C.1. If V' is a finite-dimensional Hilbert space over C, then PU(V) is iso-
morphic to a matrix Lie group. The associated Lie algebra homomorphism q defined above

has the kernel {ial}, so PU(V') is isomorphic to U(V')/{ial}.

Proof. Consider the homomorphism I' : U(V') — GL(gl(V)), such that for given U € U(V),
I: U~ Cy(X)=UXU"' Then one can show that kerI' = {U(1)I}, so the image
under this homomorphism is isomorphic to the quotient group U(V')/{e?I}, compact, and
closed, i.e. a matrix Lie group isomorphic to PU(V). To find the related Lie algebra
homomorphism, we note that c¢x(Y) = [X,Y], with the kernel of cx being the scalar
multiples of I in U(V') - the group {ial}. The map cx therefore must map onto PU(V),
giving the required isomorphism. O

Every finite-dimensional projective representation can be “de-projectivised” at the Lie-
algebra level. To state this we have the following proposition.

Proposition C.2. Let I1 : G — PU(V) be a finite-dimensional projective unitary rep-
resentation of a matriz Lie group G, and ® : g — PU(V) be the associated Lie algebra
homomorphism. Then there exists a Lie algebra homomorphism o : g — U(V') such that
m(X) =q(o(X)) VX €g. So the following diagram commutes:

29See Proposition 16.44 of [17].
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This o is unique upon fixing that tro(X) =0 VX € g.

Proof. This proposition boils down to the fact that you can always fix o(X) to have trace
zero by choosing for Y € u(1), pick o(X) = Y + ¢l where ¢ is an appropriate pure-
imaginary constant. Such o therefore always exist. (See Proposition 16.46 of [17] for more
details.) O

Now we can say the most important theorem in this subsection:

Theorem C.4. Suppose G is a matriz Lie group and G is a universal cover of G with the
covering map ®. Then the following hold:

1. Let 11 : G — PU(V) be a finite-dimensional projective unitary representation of G.
Then there is an ordinary unitary representation ¥ : G — UWV) of G such that
HHod =QoX. Any such X is irreducible if and only if I1 is irreducible. ¥ is unique
if we choose det(X(A)) =1, A € G.

2. Let ¥ be a finite-dimensional irreducible unitary representation of G. Then the kernel
of the associated projective unitary representation @) o 3 contains the kernel of the
covering map ®. Therefore Q o ¥ factors through G and gives rise to a projective
unitary representation of G.

Point 1 is equivalent to saying that the following box diagram commutes:

1wy

G
@h Q
by
G —— PU(V)
Proof. See Theorem 16.47 of [17]. The idea is actually really simple - we make use of
Proposition C.2 to find an ordinary representation of g at the base level, and then simply
lift it up and apply Lie’s Theorem at the cover level. The second half the theorem rests on
the fact that ker @ is a discrete normal subgroup G and is therefore central. We can then

show that ¥(A), where A € ker ® under Schur’s lemma gives ¥(A) = ¢! as it intertwines
V to itself. The A is in the kernel of the associated projective representation @ o X.. O

Of course, we should be dealing with the infinite-dimensional case. Here of course the
unitary representation needs to be defined slightly different3’ The main thing to note here
is that we can no longer do the de-projectivisation by passing to the Lie algebra since
there is no unique member we can choose - the notion of trace doesn’t work for unbounded
operators on the Hilbert space. Point 1 in Theorem ??7 no longer works. However, if G
is connected and “semi-simple”, every projective unitary representation of G can be de-
projectivised after passing to the universal cover. This is in fact the crucial reason why

39You will need some sort of a strong continuity homomorphism ® : G — U(H). You can read more
about this in [17].
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we need to study the universal covering manifolds! The spins intrinsically comes from this
universal cover, and it is precisely since we are looking at the de-projectivised version of
the representation that brought us there in the first place!

C.3 Central extensions

We are still not done. Recall the precisely statement we made in §2 is that there is a lifting
of unitary representation of some projective Hilbert space, p : G — U(P(H)) to the central
extension of the universal covering group of the classical symmetry group. We haven’t
discussed anything about central extensions so far!

So let us properly address what we mean by the central extension of the universal covering
group.

Definition C.6. An extension of G by the group A is given by an exact sequence of
group homomorphisms,
1-ASESLG—1. (C.2)

The extension is central if A is abelian and its image im(¢) is in the centre of E, i.e.
a€AbeFE = ia)b=ba) (C.3)
Let us illustrate this by examples.
Example C.1. A trivial extension has the form,
1AL AxGEB a1, (C.4)
A non-trivial example is the following,
1-2Z2/kZ—-E=U(1)5U(1)—1. (C.5)

Example C.2 (Semi-direct products). Recall that the semidirect product G x H with
a homomorphism 7 : G — Aut(H) is given by,

(9,h) - (4", 1) = (99’ hr(g)(R)) . (C.6)
This can be written as the extension,
l1-HS5GxHSG—1, (C.7)

with 7(g,h) = h and ¢(h) = (a,h) for fixed a € G. For example, the semidirect group
GL(V) x V is isomorphic to the group of affine transformations.

Example C.3 (Lorentz group). Obviously we can write,
1 —2Zy— SL(2,C) — SO(1,3) —» 1, (C.8)

where 7 is the two-to-one covering.
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Example C.4. For a vector space V over field F, we have,
1-F 5 GLV)S PGL(V) — 1, (C.9)

with ¢ : A +— Aidy. Then PGL(V) is the projective linear group which we have used in the
definition of the projective representations.

Why do we need to set this up? Suppose H is a Hilbert space and P(#) is the projective
space of 1d linear subspaces of H, then we will have the central extension,

1-UQ) S UMH) BUP)—1. (C.10)

From Wigner’s theorem 3!

, we know that for every projective transformation 7" € Aut(P)
which are set of all projective transformations that preserve the transition probability,
there exists a unitary or an anti-unitary operator U € U(H) where T' = 4(U). So it is nice
— we indeed have all the notions that we had before but now in the projective setting.
But we could also ask: Given a projective representation 1" such that there is a continuous
homomorphism 7' : G — U(P), does there exist a unitary representation S : G — U(H),

such that the following diagram

commutes? Note that this is different from the above Wigner’s theorem as this is not about
the automorphisms of the projective Hilbert space P(?) but about representations! This
turns out to be in general not achievable, and the key statement is the following.

Proposition C.3. Given a representation pp : G — U(P), there exists a lifting with
respect to the central extension of the universal covering group of the classical symmetry
group, p: G — U(H).

Proof. T will not discuss the proof and its glory details here, instead you can find the details
in Theorem 3.10 in [8] which gives a natural lift of the representation by a U(1) extension,
and then use Bargmann’s Theorem which states that every connected and simply-connected
G admits such a lift to finish the proof. O

The short form is the following. Since the universal cover of G is just the central extension
by the fundamental group m(G), we can always apply Proposition C.3 to work with the
universal cover and apply Bargmann’s Theorem. This is merely a restatement of the result
in Theorem C.4 — the results don’t change, but merely highlights the need to work with
universal covering groups in physics so we have a chance of working with U(#). Phew!

31See the Appendix of [8] for the proof.
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D Clifford algebras and spinors

This section deals with Clifford algebras and spinor representations properly. It is quite
mathematically heavy, so please look away if you find maths horrifying.

D.1 Real, imaginary and quaternionic representations

Before we begin let us address some notions about representations. Fix G a group.

Definition D.1. Let V be a vector space over F =R, C, H. A Hermitian form on V is
an F-bilinear form V x V' — F such that for all v1,vo € V and A € F,

(v1, A\vg) = A(v1,v2) , (v1,v2) = (va,v1) . (D.1)

Suppose G is a finite group , a compact Lie group or a semisimple Lie group. Then V
has a G-invariant non-degenerate hermitian form. If |G| = oo the proof is a bit more
complicated. It turns out that Clifford algebras is almost the group algebra of a finite
group, so very similar arguments apply there.

Definition D.2. Let V be a complex vector space. A linear map ¢ : V — V is a real
(quaternionic) structure if ¢ obeys the following conditions:

1. ¢ is conjugate linear, ¢(\v) = Ap(v) for A € Cand v € V,
2. ¢*> =1 (—1 in the quaternionic case).
We then have the following lemma.

Lemma D.1. Let V be a complex vector space and ¢ : V — V be a real structure. Then
V =V, & V_ where Vi are isomorphic real vectors spaces, or V=C® V..

Proof. ¢*> = 1 implies the eigenvalues of ¢ are +1; and since ¢ is conjugate linear V. are
real subspaces. The isomorphism map is given by ¢ : V. — V_. 0

The real structure is simply a notion of complex conjugation. A quaternionic structure
however allows us to define a left action H on V. In particular, suppose J : V — V is a
quaternionic structure, then J? = —1 and —iJ = Ji, so if ¢ = a + bj is a quaternion then
qu=av+bJ(v) forve V.

Definition D.3. Let V be a complex representation of G. We say that V is of real
(quaternionic) type if V processes a G-invariant real (quaternionic) structure.

Theorem D.1. A complex representation V of G is of real (quaternionic) type iff V
admits a non-degenerate symmetric (anti-symmetric) G-invariant complex bilinear form

B:VxV—=C.
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Proof. The proof is a bit complicated and requires a bit of set-up. Let B: V xV — C a
non-degenerate complex bilinear G-invariant map that satisfy B(vi,v2) = eB(v2,v1) with
e = £1. With a G-invariant hermitian form (-,-) on V', we can define,

B(v1,v2) = (p(v1),v2) , (D.2)

for some ¢ : V — V. This is conjugate linear, G-invariant and an isomorphism. It can be
shown that [18] ¢ can be rescaled to give the required structure map. Conversely, given
the structure map J : V — V satisfying J 2 = €l, we can take the G-invariant symmetric
non-degenerate R-bilinear form and extend by complex linearity to a non-degenerate G-
invariant symmetric C-bilinear form on V. The rest of the details are in [18]. O

Let us illustrate this using some basis. Firstly, we can write some Hermitian form using a
basis to a Hermitian matrix A,

(u,v) =l Av . (D.3)

Let g be the matrix representing the group action of g € G. Then, the G-invariance of the
Hermitian form means,

gl -A-g=A. (D.4)
Similarly, a bilinear form can be represented by a matrix B,
B(u,v) =u'Bv, (D.5)

and G-invariance demands,
g"-B-g=B. (D.6)

Let us now illustrate how real and quaternionic structures can be represented. For V' = C" a
complex vector space, B a non-degenerate C-bilinear form can be represented by BT = eB.
Now the structure map J : V — V is conjugate linear so can only be represented by
some real basis. So we look at the underlying real vector space with a complex structure

I: Vg — VR, given by
0-1
In = D.7
(). or

and the matrices A and B are represented by,

A —iA B iB
Ap = Br = ) D.
R (z’A A > R (iB —B) (D)

Now since we want B(u,v) = (J(u),v). We can take the conjugate to get eB(v,u) =
(v, J(u)), and in a basis we will find that,

Ar - Jr = EBR . (D.Q)
Since Ar and BR are invertible, this constrains Jr and we will get at the end,

Jr = €Ax'BRr . (D.10)
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D.2 Clifford Algebras and Gamma Matrices

Let us now construct Clifford algebras. The following discussion mainly follows [19].

D.2.1 Clifford algberas, abstractly

We begin with a definition. In this section we fix V' to be a vector space and B : VxV — K
to be a symmetric bilinear form on V' (here K is a field). To construct a corresponding
quadratic form @, we can define

Q(z) = B(z,x) , (D.11)

such that (V, Q) is a quadratic vector space over K. One can conversely reconstruct
the symmetric bilinear form B from @ by polarisation, i.e.

Blr,y) = 5 (Qr +3) ~ Q) ~ QW) . (D.12)

so we hereby denote () and B interchangeably, writing Q(z) = Q(x,x). Let us also define
what an associative algebra is.

Definition D.4. An associative algebra over R is a ring A together with a ring homo-
morphism from R into the centre of A, i.e. for r € R and a,b € A then,

re(zy)=(r-z)y=xz(r-y). (D.13)

Now we have the following definition. I have here chosen the sign conventions to conform
with [10, 11, 18].

Definition D.5. Let A be an associative K-algebra and (V, Q) be a quadratic vector space.
A K-linear map ¢ : V — A is Clifford if Vz € V,

$(x)® = —Q(2)1a (D.14)
where 14 is the unit of A.

Definition D.6. The Clifford algebra C = C(Q) = Cliff(V, Q) is an associative algebra
with unit 1 and is generated by V such that for all v € V' we have,

v-v=—-Q,v)-1. (D.15)
Equivalently (if the characteristic of k is not 2), we have Yv,w € V,
veow4w-v=-2Q(v,w) . (D.16)

A note about construction. The Clifford algebra can be constructed quickly by taking the

tensor algebra,
°(V) =P Vver, (D.17)
n>0
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and setting

(V)

cQ) =
D=

Here I(Q) is the two-sided ideal generated by all elements of the form v ® v — Q(v,v) - 1.

Clearly C(Q) satisfies the universal property. From this we can see that the dimension of

(D.18)

C'is 2™ where m = dim(V') and that the canonical mapping V' — C is an embedding, with
the basis of C'(Q) being the products ey = ¢;, - €;, - ... - €;, where e; are the basis of V. To
see this, in particular, we can check the following.

Proposition D.1. There is a natural embedding V. — C(Q) which is the image of V = V®!
under the canonical projection

g T*(V) = C(Q), (D.19)
and this is an injection.

Proof. Say that an element ¢ € T*(V) is of pure degree s if ¢ € V¥4, We want to show
that any element ¢ € T*(V) NV is zero. Suppose this is not true. Then we can write
=71 ,0;® (v; ®v; + Q(v;)) ® b; where we assume that a; and b; is of pure degree. Now
since ¢ € V we must have that the expression is equal to zero, with the sum taken over
those indices with dega; + degb; maximal. Contracting with Q means ), a;Q(v;) - b; = 0.
Proceed with induction to show ¢ = 0. O

The Clifford Algebra has a universal property as follows. This also gives a categorical
definition of Clifford Algebras.

Proposition D.2. The Clifford algebra can be defined to be the universal algebra with the
following property: If A is any associative algebra with unit and a linear mapping j : V. — A
s given such that

j)-jv)=-Qv,v)-1, YveV, (D.20)

or equivalently Yv,w € V', (given that k has a characteristic not equal to 2,)
J() - j(w) +j(w) - j(v) = =2Q(v,w) - 1. (D.21)

then there should be a unique homomorphism of algebras from C(Q) to A extending j, i.e.
j extends uniquely to a K-algebra homomorphism j : C(Q) — A, and C(Q) is the unique
associative K-algebra with this property.

Proof. Any linear map j : V — A extends to a unique algebra homomorphism j : T*(V) —
A. Now Eq. (D.20) implies that j = 0 on I(Q) so j descends to C(Q). Suppose now B is
an associative K-algebra with unit and that ¢+ : V' — B is an embedding with the property
that any linear map j : V' — A with the property in Eq. (D.20) extends uniquely to an
algebra homomorphism j : A — B. Then the isomorphism from V C Q to (V) c B
clearly induces an algebra isomorphism C(Q) = B. O
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The proposition above effectively states the following. Given an associative algebra with
unit A, together wiht a Clifford map i : V. — C(Q) such that for every Clifford map
¢ : V. — A there is a unique algebra morphism ® : C(Q)) — A that makes the following

triangle commute.
v
o
C(Q) A

Categorically, the Clifford Algebra is an initial object in the category ClLiff(V,Q), which
has Clifford maps ¢ : V — - from a fixed vector space equipped with a quadratic form Q

as objects. The morphism from V' — A to V — A’ is given by a commuting triangle

O\

with f: A — A’ as a homomorphism of associative algebras. This initial object is unique

up to a unique isomorphism. In other words, the Clifford algebra C(Q) is universal for
Clifford maps to associative algebras. The construction via tensor algebra as before implies
the following statement. If ¢ : V — A is a Clifford map and ® : T*(V) — A is the unique
extension of ¢ to the tensor algebra, then ® indeed annihilates the ideal T (Q) and therefore
factors through a unique map ® : 7*(V)/I1(Q) — A from the quotient. Therefore, we have
a commutative diagram:

v 4’ (V)

c(Q) A

Here i is really injective as the ideal only comes into play for V=2,

D.2.2 Constructing Clifford algebras

The way we have been discussing about Clifford algebras is not very suitable for compu-
tations. Instead, we will discuss the way that Clifford introduced the algebras. This is the
way Clifford algebras are still taught in physics courses, following Dirac.

Traditionally, the discussion of Clifford algebras started with Dirac matrices.

Definition D.7. Suppose {¢;} is a K-basis for V', where i = 1,...,dim V. The vector space
V' is equipped with the symmetric bilinear form where B(e;, e;) = B;; = Bj;. The Clifford
generators I'; is the image of e; under the map i : V' — C(Q), which satisfy the relations

I,T; + T = —2B;1 (D.22)
where 1 is the unit in the Clifford algebra C(Q).
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Following this, we can define Clifford algebras by using generators in the following manner.

Definition D.8 (Clifford algebras — generators). An associative algebra over field K with
unity 1 is the Clifford algebra C(Q) of a non-degenerate quadratic form @ on V if it
contains V' and K = K- 1 as distinct subspaces such that the following three conditions
hold:

(i) v? = Q(v) for any v € V.
(ii) V generates C(Q) as an algebra over K.
(iii) C(Q) is not generated by any proper subspace of V.

We can immediately how the Dirac matrices furnishes a representation of the Clifford

algebra. We then define

1
5 il =Tyl (D.23)

as the product of two generators. More generally, we have

Fij =

1 g
Tirip = o D (1)L, Ty, (D.24)
oSy

where (—1)7 indicates the sign of the permutation in S,. We then see that since C(Q)
is generated by V' and the identity it is the linear span of 1, I';, I';;,... in total there are
1+n+CF+..0C" = 2" monomials. So dimC(Q) = 24V This is the same dimension
as the exterior algebra Ext® V' so we can establish a vector space isomorphism between the
two.

In particular, if we use an orthonormal basis to generate C'(Q), then the first condition in
the above Definition D.8 then becomes

=1, 1<i<p, (D.25)
I7=-1, p<i<p, (D.26)
Fifj = —ij‘i, 1< J. (D27)
whilst condition (iii) becomes
y..Tp # £1 . (D.28)

This is important in constructing a representation of Clifford algebras in general dimen-
sions. Typically, this is needed in the discussion of supersymmetry and supergravity (and
spinors) in various dimensions. The construction typically involves a set of matrices called
Dirac matrices or Gamma matrices, defined as matrix representations of the Clifford
algebra in various dimensions. You should have seen Pauli matrices in your elementary
quantum mechanics courses:

10 01 0 — 1 0
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These matrices can generate a basis for Clifford algebras of arbitrary dimensions. Here we
follow the discussion in [9, 20, 21]. We construct the Euclidean ~-matrices from Gamma
matrices which are the basic building block of the matrix representations of the Clifford
algebras. We define (2k + 1)-matrices by the tensor products of k& Pauli matrices to get a
2% % 2% matrix representation as follows:

ng):0'1®0-0®...®0'07 ng):02®00®...®0'0,
k—1 k—1
I =300 @00®.. 00, T =000008..00,

Fg]?q =038 ..R03K071, Fg,? =03Q ... 03K09 ,
k-1 k—1

ng;)-&-l =03Q...Q 03 (D.30)

k
The matrices listed above can be generated using the recurring relations:

P —sW oy, M=1,.,2k (D.31)
i) =sW) ®o, =123 (D.32)

which gives
{FS\/}), F%)} = —20mN (D.33)

So then we have the following definition.

Definition D.9 (Gamma matrices). The Gamma or Dirac matrices are matrix repre-
sentations of the Clifford algebras, i.e. the map: I' : C(Q) — GL(Czk) where we map the
generators ey; — I'ps. The representation is faithful when d = 2k and non-faithful when
d = 2k + 1 where T(e) = T{V..T{), | = ik,

We will find Gamma matrices extremely helpful later when we construct spinors in spaces
of Euclidean and Lorentzian signatures. In particular, for Lorentzian gamma matrices we
will need to do some modifications. To obtain these, we pick some single matrix from the
Euclidean construction, multiply by ¢ and label it as I'y. This matrix is anti-Hermitian
and satisfies,

2=-1. (D.34)

We relabel the remaining set of gamma matrices to obtain the other gamma matrices.
Then the Hermitian properties of the Lorentzian gamma matrices are then given by,

I, =TTy . (D.35)
There is a caveat — these gamma matrices are identified up to a conjugacy class,

Tpr~ STy S, (D.36)
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in particular, we can choose a unique irrep which is Hermitian for even dimensions and
for odd dimensions there are two mathematically inequivalent irreducible representations
which differ only by the sign of the final gamma matrix I'on 1.

D.2.3 Z,-grading and exterior algebras

Let us return to the tensor construction of the Clifford algebras. Since the ideal I(Q) is not
homogeneous, C(Q) does not inherit a Z-grading from 7°(V'). However, notice that the
ideal I(Q) is generated by elements of an even degree. This means the Clifford algebra does
inherit a Zs grading. To study this grading recall the following definitions from elementary
algebra.

Definition D.10. A graded ring is a ring that is decomposed into a direct sum of additive
groups

R=@PR,=Ro®Ri & Ry®..., (D.37)
n=0

such that
Ry Ry, C Rygn s (D.38)

for all non-negative integers m and n.

Definition D.11. An associative algebra A over a ring R is graded if it is graded as a

ring.

So we can now go back to Clifford Algebras. Consider the automorphism « : C(Q) — C(Q)
which sends a(v) = —v on V. Since a? = id, the ideal I(Q) is generated by elements of an
even degree, and hence Clifford algebra inherits a Zs grading:

Q) =CQ) e CcH(Q), (D.39)

where C*(Q) = {¢ € C(Q) | ag) = (—1)%p} are the eigenspaces of a. Since « is a homo-
morphism, we have

Cl(Q)- (@) c CH(Q), (D.40)
with the indices taken modulo 2. This Zs-grading plays an important role in the analysis

and application of Clifford algebras. In particular, C°(Q) is often called C*V*"(Q) and is a
subalgebra of dimension 2"~!, where as C'(Q) is often called C°(Q).

The Zy-gradedness of the Clifford algebra is very different from the graded nature of the
tensor algebra which inherently has a Z-graded structure. To see this, define F as

Fr=> ver, (D.41)
s<r
This has the property
FrF Cc Fts. (D.42)

The tensor algebra therefore has a natural filtration

FocFlc..cT(V), (D.43)
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which makes the tensor algebra into a filtered algebra. Every filtered algebra has an
associated graded algebra. For the tensor algebra with the canonical filtration described
above, the associated graded algebra is described by

Gr = Fr/Frt. (D.44)
Then G* is a graded algebra where the product map is defined by
GP x G — GPTa (D.45)

The canonical filtration of the tensor algebra T°(V) defines a natural filtration on the
Clifford algebra C(Q). Suppose 7y : T*(V) — T*(V)/I(Q) where I(Q) is the ideal that
generates the Clifford algebras. Then F*¢ = 7rq(.7:"i) naturally has a natural filtration,

Fcrtcric.., (D.46)

and naturally the associated graded algebra G" = F"/F"~! naturally inherits the filtration.
We now have the following proposition.

Proposition D.3. For any quadratic form Q, the associated graded algebra of C(Q) is
naturally isomorphic to the exterior algebra Ext® V.

Proof. The map @'V ™ F' — G = F'/F'~! given by vy, @ ... @ v, > [v5y...05,]
descends to a map Ext"V — F" by the property in Eq. (D.21). (Note that when the
characteristic of K is 2 then we will have to use the other condition.) This map is surjective
and gives a homomorphism of graded algebras Ext® V' — G°®. It remains to check the map
is injective. The kernel of ®"V — G consists of the r-homogeneous pieces of elements
@ € I4(V) of degree less than r. Any such ¢ can be written as a finite sum ¢ = ) a; ®
(v; ® v; + q(v;)) ® b; where v; € V and where we may assume that the a; and b; are of
pure degree with dega; + degb; < r — 2. The r-homogeneous part of ¢ is then of the form
©r = Y. a; ®v; ® v; ® v; where dega; + degb; = r — 2 for each i. The image of ¢ in the
exterior algebra is however zero as v; A v; = 0. So the map Ext” V' — G" is injective. [

Note that the proposition above gives a canonical vector space isomorphism that is com-
patible with the filtrations as follows,

Ext*V — C(Q) . (D.47)

The map in Eq. (D.47) is of course not an isomorphism of algebras unless ¢ = 0. However
the map is indeed canonical so we can discuss embeddings of the form Ext" V C C(Q) for
all » > 0. To see that the isomorphism is only true when ¢ = 0, consider the Zs-grading
on the tensor algebra defined with 7*(V) = T*(V)o + T°*(V); where

T*(V)o =P Ve, T°(v) =PVvertt. (D.48)
k>0 k>0

where the Zs-grading is the reduction mod-2 of the Z-grading of the tensor algebra as
discussed above. This reduction makes the ideal I, homogeneous, and hence the projection
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T*(V) — C(Q) restricts to projections T'V; — C; for i = 0,1. Note however that for i =1
this is only a projection of vector spaces, since neither 7'V} nor C) are algebras.

Now the canonical filtration of the tensor algebra T°(V') defines a filtration on C(Q) as
follows. By filtering T*(V)o and T°(V'); separately, i.e.

FHRET(WV)=EPVve*, [ FHITW), =HreHt! (D.49)
1<k 1<k
such that
0CFT(V)y C F°T(V)o C ..., (D.50)
0CFT(V) Cc FPPT(V) C ... (D.51)

Now under the projections TVy — Cy and TV, — (1, we can similarly identify the filtra-
tions of the Clifford algebra as

0cFCy c F2Cy C ..., (D.52)
0cFlCicFe c ... (D.53)

We will henceforth use the shorthand FPC as FPCy and FP(C| if p is even and odd respec-
tively. Now we note that FPC/FP~2C = ExtP V as the corrections in replacing xy by —yx
where x,y € V involve terms of degree 2 less. The corrections are 0 when ¢ = 0, so we can
identify C(Q) = Ext® V, exactly as mentioned above.

It is possible to understand the relation between the Clifford and exterior algebras in a dif-
ferent way which does not involve filtrations. The bilinear form B defines amap b : V — V*
where z — B(z,-). The map flat is an isomorphism if and only if B is non-degenerate.
The inverse is typically defined as f so together with the map b they are referred to as the
musical isomorphisms induced from the inner product B. We can then define a linear map
¢V — End(Ext®* V) by

d(x)a =z Nz (D.54)
where ¢, is the unique odd derivation defined by ¢,1 = 0 and ¢,y = B(z,y) for y € V. So
on a monomial we have,

p

te (Y1 A Ayp) =D (1) T B2,y yr A A A e Ay (D.55)
=1

where the hat denotes omission. Then we can extend this linearly to all of Ext®*V as in
the following lemma.

Lemma D.2. The map ¢ : V — EndV in Eq. (D.54) is Clifford.
Proof. For every x € V and o € End Ext® V| we have

d(z)’a = ¢(x) (x Ao — 1)
= AT Aa—2Aiza—QT)a+ x Aty + Lyl

= —Q(z)o, (D.56)

where t Ax =0 = 154, and 1z(x A @) = Q(x)a — z A 10 O
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By the universality of Clifford algebras we can then extend this to the algebra homomor-
phism uniquely,
¢:C(Q) - EndExt*V . (D.57)

So composing this with the evaluation at 1 € Ext®*V gives a linear map ¢, : C(Q) —
Ext® V. This map obeys ®;(1) =1 and if x € V then ®,(i(x)) = x where i : V — C(Q).
Since i is injective from the construction of C(Q), ®1 o ¢ is also injective. By further
computations, we then get

®1(i(z)i(y)) = x Ay — B(z,y) (D.58)
and
so ®p surjects onto Ext® V. This is a vector space isomorphism with the inverse map
defined by

1
YiI A Ay = ] Z (_1)09%(1) N NYigiy s (D.60)
" o€eSy

which gives an explicit quantisation of the exterior algebra.

D.2.4 Clifford algebras as representations of s0,,C

It is clear from the construction that Clifford algebras are associative algebras. As a results
it determines a Lie algebra with the bracket defined by the associative multiplication. How
are Clifford algebras related to the representations of s0,,C? To see this we will first embed
the Lie algebra s0(Q) inside the Lie algebra of the even part of the Clifford algebra and
from there identify C(Q) with one or two copies of matrix algebras.

Let us see how this works in practice. We first need to make an explicit isomorphism of
Ext? V with s0(Q), which is defined as

50(Q) ={X € End(V) | Q(Xv,w) = -Q(v, Xw) Yv,w € V} . (D.61)

Define the map
@a/\b(v) =2 (Q(bv ’U)CL - Q(a7 U)b) ) (D62)

which gives the isomorphism ¢ : Ext?V — s0(Q) C End(V) with a A b — @an. One
can check that the bracket on Ext?V makes this an isomorphism of Lie algebras with the
Clifford algebra®?, allowing the map ¢ : Ext? V — C(V, Q) to be defined by

w(aAb)z%(a-b—b.a):a.b—Q(a,b). (D.63)

This is an injective embedding, which shows that the following Lemma.

Lemma D.3. The mapping o' :50(Q) — C(Q)**" embeds s0(Q) as a Lie subalgebra
Of C(Q)B’UBTL'

32This is done by checking the brackets on [a A b,c A d] and [a- b, c- d].
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Proof. See discussion above. O

The reason why the embedding only goes into the even part is because, simply, C(Q)°d

is indeed not an algebra. You can also see that in Eq. (D.63) the map is defined with
elements of even degree. By looking at the basis elements we can then see that ¢ is an
embedding and the map exactly maps the exterior algebra to the even part of the Clifford
algebra.

What remains is to identify the subalgebra of C(Q)o or C(Q)°V*", the image of s0(Q) as
matrix algebras. Let us separate this into two cases.

Case 1: n=dimV is even.

We first decompose V' into two n-dimensional isotropic spaces for @,
V=WwaW. (D.64)
Then we have the following lemma.
Lemma D.4. The decomposition V. =W & W' determines an isomorphism of algebras,
C(Q) = End(Ext®* W) (D.65)
where Ext* W =ExtW @ ... ® Ext" W.

Proof. Let us try and construct the map ¢ : C(Q) - E = End(Ext®* W). The map ¢ is
the same as defining a linearly mapping V' — FE with the condition in Eq. (D.21). We must
therefore construct maps [ : W — FE and I’ : W/ — E such that

H(w)? =0=1(uw)? (D.66)

l(w)ol'(w') +1'(w') o l(w) = 2Q(w,w)I , (D.67)

for any w € W, w' € W. For each w € W, let L,, € E be the left multiplication by w on
the exterior algebra Ext® W,

Lo(©) =wAE, €E€Ext*W . (D.683)

For any ¥ € W*, let Dy € E be the derivation of Ext® W such that,

Dy(1) =0 (D.69)
Dy(w) =9 € Ext*W =C (D.70)
Dy(CNE) = DgC A€+ (=1)%E¢ A Dy(€) (D.71)

where w € W = Ext! W. i.e. Explicitly,

Dy(wi Ao Awp) =Y (=17 M0(ws) (wi Ao At Ao Awy) (D.72)
Now we can set
l(w) = Ly , l’(w’) =Dy, (D.73)
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where ¥ € W* is defined by J(w) = 2Q(w,w’), Vw € W. It is straightforward to show
that the maps defined obeys the requirements, as well as for A £ if they obey for ¢ and
& separately. The map is clearly an isomorphism and one can see that by its action of a
basis. O

Now note that there exists a decomposition of the exterior powers into even and odd parts
Ext® W = Ext®*" W @ Ext°d W where C(W)¥e" respects the splitting. From Lemma D.4,
we then have the isomorphism,

C(Q)*¥*" = End(Ext®"*" W) & End(Ext° W) . (D.74)
Combining this with Lemma D.3, we then have an embedding of Lie algebras,
50(Q) C C(Q)®¥°" = gl(Ext®*™ W) @ gl(Ext°dd W) | (D.75)

and we find that there are two representations of s0(Q)) = s02,C. We denote the two
representations by,
ST =Ext™¥ W, S~ =Ext°ddw . (D.76)

Proposition D.4. The representations ST are the irreps of s09,C with highest weights
o= %(Ll +...+Ly) and f = %(Ll + ...+ Lp_1 — Ly). More precisely, we have,

St=T,, S =Tg, ifniseven; (D.77)
St=Tg, S =T, ifnisodd. (D.78)

Proof. We need to show that the natural basis vectors e; = e;; A ... Ae;, for Ext®* W are
weight vectors. Tracing through the isomorphisms, we find that H; = E;; — Fj4;nyi in
h C 509,C corresponds to %(ei A enyi) in Ext? V', which corresponds to % (e; - enti—1)in
C(Q), and this maps to,

1 1 .
5 (Le; 0 Dagx —I) = Le; 0 Do — 5l € End(Ext® W) . (D.79)
We can compute,
ifi el
L, 0o D+ (er) = “ o (D.80)
‘ 0 ifi g1

. So ey spans a weight space with weight % (Zie[ L; — Zj¢1 Lj). All such weights with
given |I| mod 2 are congruent by the Weyl group (they are equivalent up to transforma-
tions of the Weyl group), so ST = Ext®** W and S~ = Ext°¥ W must be an irreducible
representation. The highest weights are then straightforward to read off - the one for
Ext® W is a = 1>, L; if n is even and 3 if n is odd. O

Definition D.12. The representations ST are the half-spin representations of s0y,C,
and S = ST @ S~ = Ext® W is called the spin representation. Elements of S are known
as spinors.
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We are going to come back to spinor representations in the next section.
Case 2: n=dimV is odd.

This time we decompose the space V' as follows,
VoWeweu, (D.81)

where W and W' are n-dimensional isotropic spaces and U is a one-dimensional space
perpendicular to them. For the standard @ on C?"*! these are spanned by the first n,
second n, and the last basis vector. We then have the following lemma.

Lemma D.5. The decomposition V=W G&W'@U determines an isomorphism of algebras,
C(Q) = End(Ext®* W) @ End(Ext®* W’) . (D.82)

Proof. We can proceed exactly as the even case, as in Lemma D.4. The only difference
is with the element uy where Q(up,up) = 1. We send ug to the endomorphism that is
the identity on Ext®*® W and minus the identity on Ext° W. This involution then skew
commutes with all L,, and Dy, which means the map V' — E = End(Ext®* W) determines
an algebra homomorphism from C(Q) — E. The map for End(Ext® W’) is similar but
with the roles of W and W’ reversed. The maps are isomorphic by checking the basis
elements. O

From Lemma D.5 we see that the subalgebra C'(Q)¢*" C C(Q) ia mapped isomorphically

onto the factors,
C(Q)*¥*" = End(Ext* W) (D.83)

which gives a representation S = Ext® W of Lie algebras,
502,41C = 50(Q) C C(Q)*V" = gl(Ext®* W) = gl(9) . (D.84)
So now we have the following proposition.

Proposition D.5. The representation S = Ext® W is the irrep of s09,11C with the highest
weight

1
o= 5(L1 +..+Ly). (D.85)

Proof. This is similar to the even case - each ey is an eigenvector with weight % (Zze 1 Li— el Lj) .
All the weights are congruent by the Weyl group so it must be an irrep with highest weight
Q. O

We have therefore constructed the spin representations of so0,,C.

Let us summarise what we have done. We have constructed Clifford algebras via two
methods — both abstractly and practically, and then looked at the structure of Clifford
algebra itself. We found that the full Clifford algebra consists of the identity 1, the D
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generating elements I'3;, and all the independent matrices formed from products of the
generators, given by the antisymmetric products,

Fap.c =Tus..c - (D.86)

Under the canonical automorphism defined on the generators by I'yy — —1I'jy, the Clifford
algebra inherits a natural Z,-grading, and it is under this that the Clifford algebra decom-
poses into even and odd subspaces which consists of real linear combinations of products
of an even or odd number of gamma matrices respectively. In particular, the even sub-
space C(Q)®V" is a subalgebra, and we have seen how so(p, ¢) is naturally embedded as a
subalgebra in C(Q)ve".

D.3 Spinor Representations and Clifford Algebras
Having discussed the spin representations of s0,,C, it is prudent to discuss its relation with
the spinors in this subsection.

D.3.1 Pin and Spin Groups

First, let us define something known as pin and spin groups.

Definition D.13. The multiplicative group of units in the Clifford algebra is defined
to be the subset

C(Q)={peCQ)|3", ¢ 'p=0¢ ' =1} . (D.87)
This group contains all elements v € V' with Q(v) # 0.

The group of units always acts naturally as automorphisms of the algebra, i.e. the adjoint
representation,

Ad: CX(Q) — Awt(C(Q)) , (D.88)

which is given by,
Ady(z) = pzpt . (D.89)

Taking the derivation of this map gives the usual Lie bracket action ad,(x) = [y, z]. Hiterto
we have assumed that the characteristic of the field could be any integer. Let us assume
from now that the chracterisitc of the field k # 2. Then we have the following important
proposition.

Proposition D.6. Let v € V C C(Q) be an element with Q(v) # 0. Then Ad,(V) =V,
and Yw € V', we have,

Q,w)
Q)

—Ady(w) =w —2 (D.90)

Proof. We have that v=! = — 7()1}), SO
—Q(v) Ady(w) = —Q(v)vwv™! = vwv = —v*w—2Q (v, w)v = Q(v)w—2Q(v,w)v . (D.91)

O
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Naturally, this lead us to consider the subgroup of elements ¢ € C*(Q) such that Adg (V) =
V. From Proposition D.6 above, we see that the group contains all the elements v € V
with Q(v) # 0, and when this happens the transformation Ad, preserves the quadratic
form @,

(Ad; Q)(w) = Q(Ady(w)) = Q(w) , (D.92)

for all w € V. We define P(Q) C C(Q) to be the subgroup generated by the elements
v € V with Q(v) # 0. Note that then there is a representation,

P(Q) = O(V,Q) , (D.93)

where

OV, Q) ={A e GL(V) | X'Q = Q} (D.94)
is the orthogonal group of the form Q.
We are now ready to explore the important subgroups of P(Q).

Definition D.14. The Pin group is the subgroup of P(Q) generated by the elements
v eV with Q(v) = £1, i.e.

Pin(V) = {v1 ... - vy € C(Q) |v; € S ' CF",m e N} . (D.95)

Definition D.15. The Spin group is similarly defined as,

Spin(V) = Pin(n) N C%(Q) (D.96)
={vi .. v €CQ)|v; € 5" CF",m € 2N} . (D.97)

Note that from the definition of the Pin group, the inverse element to vy - ... - vy, is,
(V1 + oo - V) " = (=) ... (1) € Pin(V) . (D.98)

Let us take a deep look at Eq. (D.90). Notice that the right hand side of the equation
is basically the reflection R,(z) of the vector x € V where v is the vector marking the
perpendicular direction of the reflection hyperplane. To remove this sign we therefore
consider the following action.

Definition D.16. The twisted adjoint representation is the map Ad : C*(Q) —
GL(C(Q)) where,

Ady(y) = a(e)ys" . (D.99)
For even elements ¢, AH¢ = Adyg. We also have A~d¢1¢2 = Ad¢1 o Ad¢2. Explicitly,
v Q(U7 w)
Ady(w) =w —2 v D.100
(w) o (D.100)

We state without proof the following result.

Theorem D.2 (Cartan-Dieudonné). Every g € O(V) is the product of a finite number of
reflections g = Ry, o ...0 Ry, along the null lines where Q(u;) # 0 and r < dim V.
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Proof. See [22]. O

We note that the twisted adjoint action must define a group homomorphism Ad : Pin(V) —
O(V). Tt follows from the Cartan-Diedonné Theorem D.2 that Ad is surjective. But what
is the kernel of Ad?

Proposition D.7. Suppose V is finite dimensional and Q) is non-degenerate. Then the
kernel of the homorphism Ad : P(V,Q) = GL(V) is the group K* of non-zero multiples of
1. Here the group P(V,Q) is defined as,

P(v,Q) = {s € C*(V,Q) | Kdy(v) =V} , (D.101)

where P(V,Q) C P(V,Q).
Proof. See [10] for a complete proof. The proof is also outlined in [11]. O

[10] goes into a bit more detail in how you would define the homomorphism from the group
P(V,Q) to the orthogonal group O(V) (see Propositions 2.5 and Corollary 2.6 of [10]).
It also shows how the images Ad(Pin(V,Q)) and Ad(Spin(V,Q)) is a normal subgroup of
O(V) (see Proposition 2.8 of [10]). To summarise there are two exact short sequences.

Theorem D.3. Let V be a finite-dimensional vector space over a field K and Q) a non-
degenerate quadratic form on V. Suppose the field K of characteristic # 2 is spin, i.e. at
least one of the two equations t*> = a and 1> = —a can be solved in K for each non-zero
element a € K*. Then there are two short exact sequences.

0= F — Spin(V,Q) 2% sO(V) > 1, (D.102)
0= F— Pin(V,Q) 2% o(v) = 1, (D.103)

where

o {22:{1,—1} ifv=1¢K (D.104)

Zy={£1,£y—-1} otherwise

The sequences above hold for general fields provided that SO(V) and O(V') are replaced
by appropriate normal subgroups of O(V') (since the map Ad maps to normal subgroups
of O(V) in general and field K, which is spin, solves the equation t>Q(v) = +1 so every
v € V> can be renormalised to have Q(v) =1).

Proof. See [10] Theorem 2.9. The details of the field being spin is not relevant if we restrict
to K=R, C as both fields are spin. O

The real case of the above Theorem D.3 is reduced to the simple short exact sequences,
0 —Z3 — Spin,. ; = SO, s — 1, (D.105)

0 — Zy — Spin,. ; = SO, s — 1, (D.106)
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for all (r, s), where the subscripts denote the signature of the quadratic form Q. In partic-
ular, for SO, = SO, = SOq,,, we have

0 — Z5 — Spin,, =% S0, — 1, (D.107)

where the map Ad acts as the universal covering map of SO, for all n > 3. From this
we see that the Pin and Spin groups are covering groups of the orthogonal group. We
will now examine the representations of the Pin and Spin groups, which in term will give
representations of the orthogonal groups. We will see how this unifies with the picture we
have taken in two subsections ago.

D.3.2 Classification of Clifford algebras

Let me say something about the classification of Clifford algebras. This turns out to be
very useful in characterising the presence of spinor representations in different dimensions.
From this point on we will switch notations from using C(Q) to Cl(s, t), where the quadratic
form @ has signature s and t. We will also define the complexified Clifford algebras as,

Cl(s +t) = Cl(s,t) SR C . (D.108)

With this we can build up a chessboard of Clifford algebras. Firstly, the low-dimensional
Clifford algebras can be explicitly checked.

Lemma D.6. The low-dimensional Clifford algebras are given by,

Cl(1,0)=C, Cl(0,1)ZRaR. (D.109)
Cl(2,0)=H, Cl1,1)= Matz(R) = CI(0,2) . (D.110)
Proof. Explicit computation. O

Then there are the periodicity conditions.

Theorem D.4. There are isomorphisms (step isomorphisms),

Cl(n,0) @ CI(0,2) = CI0,n +2) , (D.111)
CI(0,n) @ CI(2,0) = Cl(n +2,0) (D.112)
Clln,m)® Cl(1,1) =2 Clln+1,m+1) . (D.113)

Proof. Proof of these are basically of the following format — take the gamma matrices I
from Cl(n,0) and T from C1(0, 2) respectively and construct a new basis,

I @I forl<a<d,
ra_{ o 10y PR == (D.114)

1e1” , fora=d+1,d+2.

Then we can show that I', are the matrices for CI(0,n + 2). The detailed proof is in
[10, 18]. O
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We will also need the elementary algebraic facts.

Proposition D.8. The following hold true,

1. Mat,(R) ® Mat,,(R) = Mat,n(R).

2. Mat,(R) ®x K= Mat,(K).

3. CorC=CaqC.

4. CrHZ MatQ(C).

5. H®r H 2 Maty(R).

Proof. See Proposition 4.2 of [10]. O
Theorem D.5. We have additional periodicity conditions.
Cl(n +8,0) = Cl(n,0) ® CI(8,0) , (D.115)
Cl(0,n +8) = Cl(0,n) ® CI(0,8) , (D.116)
Cl(n 4 2) = Cl(n) ®c CI(2) , (D.117)
with
Cl(0,8) = CI(8,0) = R(16) , CI(2) = Matz(C) . (D.118)
The table obtained is as follows. This table can be further expanded by using the step
| n | Cl(n,0) \ C1(0,n) \ Cl(n) |
1 C R&R CacC
2 H Mata(R) Maty(C)
3 HoH Matg(C) Matg(C) D Matg(C)
4 Matg(H) Matg(H) Mat4(C)
5 Mat4(C) Matg(H) D Matg(H) Mat4(C) D Mat4(C)
6 Matg(R) Mat4(H) Matg(C)
7 Matg(R) D Matg(R) Matg(C) Matg(C) D Matg(C)
8 Math(R) Mat16(R) Mat16(C)

Table D.1: Table for classification of Clifford algebras.

isomorphisms into different Cl(s,t). I won’t do it here, but you should have a look at [10]
for the nice table.
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D.3.3 Spinor Representations

Before we begin let us recall what representations of an algebra is.

Definition D.17. Suppose A is an associative algebra and K = R, C or H. A K-representation
of A is a K-linear homomorphism p : A — Endk(F) for some K-vector space E. Two K-
representations p : A — Endg(F) and p’' : A — Endk(E’) are equivalent if there exists a
K-linear isomorphism f : E — E’ such that the following triangle commutes:

/A S

Endg(E) ————— Endg(E")

where Ad f : Endg(E) — Endg(E’) is defined as ¢ +— fogo f~1 so fop(a) = p'(a)o f
for all a € A.

We can now define the following representations.

Definition D.18. A pinor representation of Pin(V) is the restriction of an irreducible
representation of C'(Q)). Similarly, a spinor representation of Spin(V) is the restriction
of an irreducible representation of Cp(Q).

It is actually good to stop and define what representations we are exactly shooting for. In
physics we encounter four types of spinors — Weyl, Dirac, Majorana and Weyl-Majorana
spinors. Let us first give a proper definition, and then we will see how our classification of
Clifford algebras above actually give us the full classification of spinor representations in
each signature.

Definition D.19. Suppose Cl(n) is the Clifford algebra of R™ with its complexification
given by Cl(n) = Cl(n) ®g C. For the standard basis e; of R", define

1
zj = 5(623'_1 — ’iezj) e Cl, (D.llg)
for j =1,...,m, n = 2m and Z; be its conjugate. Then the span
Z:{Zjl e Ziy, -21~...-2m|k:0,...,m, 1< <. <k Sm} , <D120)

defines a complex vector subspace of Cl, of dimension 2™. This space that is known as
the spinor space with its elements being spinors. The spinor space is invariant under
Clifford multiplications (multiplication by e;). We further define ¥+ to be the spans where
k is even and odd respectively, and k is known as the chirality of the spinor space.

We see how the spinor representation is exactly £ = X in the Definition D.17. Note very
carefully that the dimensions of the spinor space X has nothing to do with the dimension of
V' which is the vector space where we have defined the Clifford algebra. This is important
for the classification of spinors. Most representations of Clifford algebras (similar to Lie
algebras) are reducible. The volume element plays a key role in determining irreducible
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representations. In particular, since the volume element is used in determining the classifi-
cation of real and complex Clifford algebras [10], one can use it to determine the properties
of irreducible real, complex and quaternionic representations of Clifford algebra. You can
read about the details of the classification and determination of irreducible representations
in [10] and [11] — I am simply going to make some summary statements here.

We start with complex Clifford algebras (so we can take complex linear combinations of
products of gamma matrices). The reason for doing that is that the structure of com-
plexified algebras typically gives uniformity in their representation theory (think Lie alge-
bras [19]!). Then we characterise their representations as follows.

Definition D.20. A Dirac spinor is the fundamental complex spinor representation of
Clo(s,t), or the map AS : Spin(n) — GLc(X). This representation is irreducible for odd
n.

In even dimensions something specific happens and we have the following kind of spinors.

Definition D.21. A Weyl spinor is a complex, irreducible representation of Cly(s,t) in
even dimensions.

Okay. How do we understand this categorisation? Recall that to understand spinor repre-
sentations, the chain of embedding Spin(s,t) C Cly(s,t) C Clo(s +t) requires us to look at
even subalgebras. There is a fundamental isomorphism given by the following.

Proposition D.9. There is an algebra isomorphism between even subalgebras of Clifford
algebra and one of a higher dimension.

Cl(s,t) = Clo(s +1,t), fors>1, (D.121)

Cl(n) = Clo(n+1) . (D.122)

Complezification therefore gives,
Cl(n) 2 Clp(n+1) . (D.123)
Proof. See Theorem 3.7 of [10]. O

This gives the following categorisation in Table D.2. From this table, we see that in

d mod 2 Cly(a) N
0 Maty (C) @ Mat n(C) 2(d=2)/2
1 Mat x (C) 2(d=1)/2

Table D.2: Even subalgebras of a complex Clifford algebra. N is the dimension of the
algebra, not the underlying vector space d.

even dimensions d there are two spinor representations of dimension 2(42)/2. These are
distinguished by the volume element,
Loy =al1Ty... Ty, (D.124)
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with o € C such that I'}, | = 1. Typically a = (—’i)%Jrl is picked [9]. This I'j41, sometimes
denoted as Ty, is the highest rank Clifford algebra element, and it (anti-)commutes with
all (odd) even rank elements of the algebra,

[Cas1, Clo(d)] = 0. (D.125)

This is sometimes known as the chirality operator, also defined as the image of the
volume element in the Clifford algebra in the representation. From this we can define the
projection operators in even dimensions,

1
Prr=51£l4), (D.126)

and hence project the representation space (or a Clifford module A%) to the two eigenspaces
of I'y41, with eigenvalues £. This distinguishes the two irreducible representations as Weyl
spinors. Our argument can be summarised in the following proposition.

Proposition D.10. Suppose the complex spinor representation is ATCL : Spin,, — GLc(X)
which is given by restricting an irreducible complex representation Cl,, — Homc (X, X)) to
Spin,, C C1® C Cl,,. Then for n add this definition is independent of which irrep of Cl,
is used, and that the representation ,07(1: is irreducible. When n is even then there is a
decomposition,

AC =ACT g ACT | (D.127)

i.e. into a direct sum of two inequivalent irreducible complex representations of Spin,,.

Proof. See Proposition 5.15 of [10], which uses the argument for the real case. For more
information one can also look at [23]. O

Let us move on to real representations. There are two approaches here — the traditional one
starts with the complexified form of the Clifford algebras and look at their representations
that comes with a real structure. In this sense, the definition of the spinors is as follows.

Definition D.22. Let S be a spinor representation of a complexified Clifford algebra. We
say that S is Majorana if S admits a real structure J. A spinor ¢ € S is Majorana if
it satisfies J(¢) = 9.

Definition D.23. Let S x V be a spinor with flavour representation of a complexified Clif-
ford algebra and some group (with V' some quaternionic representation of G), Spin(s, t) x G.
We say that S x V' is symplectic Majorana if S x V' admits a quaternionic structure
Jg- A spinor ¢ € S is symplectic Majorana if it satisfies Jg(¢) = 1.

Definition D.24. In the even dimensions where a real structure J and the chirality
projection operator I'y41 both exists, a spinor is Majorana-Weyl if

JW) =+, Tanyp =iy (D.128)

Similarly, if J is a quaternion structure then the spinor that satisfies Eq. (D.128) is called
Majorana-symplectic-Weyl.
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Let me explain how we should interpret this. Firstly, we know that a complex representation
that admits a real or quaternionic structure is equivalent to an invariant non-degenerate
complex bilinear form B satisfying,

B(La - ¢h1,p2) = 7B(¥1,Ta - 12) . (D.129)
Here 7 is a sign and we also have

B(ip1,¢2) = eB(2,11) , (D.130)

with € = +1 depending on whether we encode a real or quaternionic structure. We can
choose a matrix that represents B by (apologies for using the same notation),

I*=rB-I',-B~'. (D.131)

In the classification in [9], the 7 = —t¢t1, and with
B*B=-t1, (D.132)
we can identify € = —¢;. This complex bilinear form gives the action of the real (quater-

nionic) structure J : S — S via the charge conjugate map:
J 1 BTyt (D.133)

Now there is also a charge conjugation matriz C' which is related to B in [9] via B = itoCT).
Alternatively, given A the volume form (related to the non-degenerate Hermitian form),

I,=—(-1)'A-T,-A71, (D.134)

then,
C=tB" A. (D.135)

The reason why C' is useful is because we have,
Il =0 Tg-C7Y, CT.C=1, (D.136)
CT = —t,C . (D.137)
What does this imply? we see then CT'(") is either symmetric or antisymmetric,
(cr? = —¢.cr® | (D.138)

and we can now look at the possibility of different combinations of ty and ¢; that occurs
in various dimensions. It turns out the following statements are true:

1. t1 = —1 must hold true for the reality condition to hold, so investigate the cases.
to = +1 is only possible when d mod 8 = 2, 3, 4. These are the Majorana spinors.
For tg = —1 which works for d mod 8 = 4, 5, 6 the spinors are known as pseudo-
Majorana spinors. There are no real representations, the Clifford algebra generat-

ing gamma-matrices instead imaginary.
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2.

s—t mod 8 Clo(s, t) N
1,7 Maty (R) 2(d=1)/2
3,5 Mat n(H) 2(d=3)/2
2,6 Mat y (C) 2(d=2)/2

4 Maty (H) @ Maty (H) | 2(¢=4/2
0 Maty (R) @ Maty (R) | 2(¢=2)/2

Table D.3: Structure of the even subalgebras of a real Clifford algebra.

For t; = 1 we cannot define Majorana spinors, but must instead define symplectic
Majorana spinors which satisfy the condition,

Y= €eIBTI (), €=, (D.139)

These are exactly the spinors with quaternionic structure above, the weird € encodes
the quaternionic representation V.

Finally in d mod 8 = 2, 4, we see that the Weyl and Majorana conditions are com-
patible so we have Majorana-Weyl spinors. For d = 0 mod 4 dimensions we
have,

(Pry)© = Pry) (D.140)

so the Majorana condition cannot be satisfied.

A lot of this discussion can be simplified if we instead discuss directly the representation

content of the real Clifford algebras. There we have Table D.3, From this table you can

immediately read out the availabilities of spinor representations.

For odd dimensions there is a unique spinor representation for s —¢t = 1,7 mod 8 —
they are Majorana spinors.

For odd dimensions there is a unique spinor representation for s —¢t = 3,5 mod 8 —
they are symplectic Majorana spinors.

For even dimensions we have two inequivalent representations.

For s—t = 2,6 mod 8 there are two inequivalent complex representations (remember
the table is before complexification), labelled by chirality — they are Weyl spinors.

For s —t =0 mod 8 there are two inequivalent complex representations compatible
with the real structure — they are Majorana-Weyl spinors.

For s —t =4 mod 8 there are two inequivalent quaternionic spinor representations
— they are symplectic Majorana-Weyl spinors.

Note that in the case where s —¢ mod 8 = 2, i.e. in the case where we have 4d Lorentzian

signature, the matrix algebra is Maty(C). The table only gives us the structure of the

even subalgebra of the real Clifford algebra, so in this case we know that there is a natural
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complex module. This however does not rule out a real module (i.e. a Majorana spinor)!

Majorana spinors are, at the end of the day, real representations of the Clifford algebra, so

we will need to characterise the spinor representations by the real structure.

There is a lot more with the technology of Clifford algebras. You can read [10, 11, 18, 24-26]
when you have the time, but I digressed.
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