
SUSY Glass 3

3 Maintopics today
- The freeWess Zumino action

- The superfield formalism
↳ relationship w the component formalism .

- NLSMs -



FeeMeet Gemodel ?-This is from
my

old notes
.

S = Je* (Escalar + &fermion)
Let us give a first intie

Here.

-P introspe

Clearly &SPE i we wanty

y
&Escalar = - 92424

*

-2*24

Want
up to total derivative

.

· 84 = - i(at)cGt
S42 = i(z rY) < 24*

=> Shfermion = - z=242,4 + y+=viz 2020%.

= - SIsaan - 2p ) ...)
.

Is this Jusy ? SUSY oly needs to close .

(SerSei-SSslP it ) pp.
-i2P(!)



(82
..

)t = via 22p4 + :Crea siCpT.

= i (e. +e)24
- iSicE2pH-iEL-t .

-

vanish ourshell
.

-N2p4 = 0
.

Foroff-shell need
.

Laux = F
*

F

SF = - i2p4
SF

*

= idpYINe

=>8Laux = -24
*

+ id F

=> 84 = - i(c)cGoP+EF

84 = i(z)2+

But now

S2 = 0 + SizeiX = i a +2 2X.

DoF & eLIR-propagaly
ON- 2 2 O

2 42
OFF-



Can weget
Norther :

+ = [dxx) -

ki
S2= 2 KP.

up to byk* vector

⑪
=> J = (4)a2rP* -52 =0

.

F= (f) < GoP
.

↳
Q = 5 fr]?

Then

[rQ+Q ,
X] =

- iR8X
.

Impose canonical com. sel,

[P(E) ,+j)] = :g
*
E-5)

L) ,41] = (Ek &:(E-5)

TerQu@TaQtsIQ
,X]] - new .

=2 - Eti2X .



Now define.

H = JeT + (5) . (7) + int .54]

↑ = fd(nyp++y +iey]

: Generates spacetivetranslations

[Pr . X] =idiX
.

3

↑Q,Q+] =2-E Pr

2

&Qa ,
Q3 = -2 Pp

2Q
,Q = 0 =20

[Q
,
Pry =orTQ

,PrJ

susy are globed !

-

So we haverealisedthe SosY N=1 massless multiple as a fieldtheory
.

We note the following
- the psenoscular field F is known as the anxtiory fed.

This is to fixthe dof when the action is offshell
.

↳
non-propagatingfield which closes the SUSY algebra wont cove .



-this is not seen in themultiplet as these are just book-keeping
devices.

- one can do thatfor
greye

fields on well-this gives the
rector multiplet



Superspace a Superfields
In the Lectures the superspace is constructed as a homogeneous space (a cost space
In particular, we had

g
= exp(i(twiMpo + xPpp +OQ+))) = ISO(1,311)

↑
Recall that we had constructed the cost

space in the Lectures af follows
.

g
= exp(it

*TA)
, split g

= Gok

= explic"Ma+ i</+)

The space of left cosets requires [h ,K] <K
.

So take representated

gz(z) = expliKz)eG .

Then

g-g.
(z) = getklg,

z)
.

In Minkowski
,

Iso(1,3) =so(13) XIR" ERIBIS0(71)/SOGti)

The construction of superspace is then ot. forward and follows
very similarly

from the Louentz construction .

There is another
way

to understand whateuperspace is
. Effectively:

-> superspace is amofd w/ extra fermionic cords
.

x+, 09
,
o

.

-> abstractly ,
a superspace is a supermanifold constructed as a

ringed space.

Theme are a bit more details in my notes
,

but I've digressed.



Shedd is a function that depends on superspace
coordinates.

E : Mmi-> X
.

Let us contrast this with congment felds .

f : M""-> X . x
*TTX

.

where the parity-reversed spec gives.

4 : M-> **TTX .

This is a bit abstract so let us look at how it actuallywork
.

Morally one can expand a superfield in Grassmann coordinates as follows.
We work in W= 1 40 supersymetry, so there are P

-02,
FE so

Y(x ,
0

,5) = f(x) + 04(x)+(x) + 00m(x) + Fn(x) + PrE vpk)
+oox()+ Og(x) + 00d(x)

.

Using Berezin integration rules ,
we can now integrate over superspace.

T
Bezin Integration .

Note that for a Grossman variable
,

800 = 0 /200= 1
.

O = S(0)
,

do= Edodo",
and

So-hepale . fa-era
Q: How does superfield transform in superspace

?

Recall :

↑(x +a)= e
-TaPP(x)eP = q(x)- ia" [4p ,

P(x)]
.

GP() .



So in superspace SUSY-variations aregenerated by superchanges,
-i(ta+EG)

Y(x+ Sx
...) = e Y(x

,
0,) eiCQE

X

can insert

-imp+o+)
Y(0 ,

0
.0e

: "
e

and use BCH to obtain

E
& = iOCPE-iEtO

so = - If=
comes from &Ra

.&3-Pp .

We can expand
SaEY = Y + iteFo2pY +EaY +EaY

= Y - iE [Q
,Y]+i [E ,Y] + --

Then

EQ= -ida-2p .

= ija +Optidy .

Relationwiththaent formalism



SUSY Actions
I want actions

.They are cool andgive metheories -

How do I construct susy - invariant actions?

1)Use component fields, check SUSY-variations + add new component
fields.

=> This was the Lzation

2)Weuse superfields.

*We only use superfields in N=1 rigid SOSY . SNominally onlyin4d) ·
There are a few reasons forthat

, see discussion later
.

Let's discuss how to build SUSY actions .

· Saoo translationally inv
.

Sd(+3)(0+3) = 1
.

So.

Se [a0Y = /d dOdY no 0
,
%

EY]
total derivative.

So

SEROY is automatically susy-invariant .



· Integrating Grassman variables give

S = SaRodA =f& 2() ·
↑

ingeneral some product of superfields.

· Basic superfield Y has too
many

field components to be an irrep of
susy .

-> need extice constraints
.

· There are I such constraints.

1) Chiral = Chiral .

Introduce covariant derivates

Da = 2a+ itbyp .E E &Da,p3 =-2pp .Ja =J +&Prop .

I
see comment

.

These are precisely the right action onchiral superspace .

and have

SELDaY)= DelfeEY) .

E susy-in. constraint.

↳ <f
.[ ,eQ) = ePap generates a0

tarm
.

-> not susy-ivu .
JaY

.

Cliral superfields are antichiral
.

~

Dat = 0
.

Dat =o

This is NOTreal .



We can continue by moving into chircel superspers

yY = xN+Ta

2j = XP-iOrNE .

: DcOp =Day = 0.

a)

(ii) ! - Left-in
,

rector fields in superspace .

Then can expand

#(y .0 = P(y) + [04(y) - OOFly)
=> E(x

,
a

,
a)= q(x) +[04 + iPrE2pP()-OO F(D)-j0OD) tE

- too BP(X) .

You car check SUSY transforms .

SEE = LieQ+iEG)Ely ,0) .

Q = - ide

= ii +20r
You can applythis to SE

,

St = (EGa+ 2i0rIEP) Ely ,d

=Fet + 50 (-TeF+Titea) -00Li
-

St - -

849 SF .

[This is Q3 .



2) . Real constraint- Vector Superfield .

We define SB+ 8F
.

v = T
↑

=> 43+41@gayefix
which gives thegeneral expansion : L => CB+27 Con-shell

.

V(x,
0

,
a) = ((X) + iOX) - iEN() + Group+ :00 (M()+ iN(1)

- (M(x)-iN() + 1000 (((x)+Fr30x(x))
-Too(x(x)+E+2,*(1) + 200 (D() -EEC())

In particular we havethe following transformation,
V + V + E+

Up +-> up
- &p(2imP)

Garge transformation ! The epts
treeform

C+ C+2Red
X+X-ijzlIM1-M-ImF =>

e
Nit N+2DeF 4= -4
UP+ vP-2apInt .

ReF =-I Wass-Zuminogange
D,X inu.

imF= #

=> Vwa = OrPEvp() + :00T()-iGOG)+OD-
wit
gaye

is defined a

C = M = N = X= 0
.

no restrictions on vP
.

The
guya
traaf

9=- , 4=0
, F=0

still remains .



Note:

· Vz = toruput , V =0 n=3
.

· WE
gage not SUSY . Need compensating trasf, with I after SUSY

transformation .

3) Supercurrents ,

We can incorporate composite operators .
E conserved currents + SUSY currents

·

↳narseerfield
Recall

Q = Jaxj before it's just O depende

1
- real scalar superfield satisfying L

DJ = IT = 0
- constrains spective dependent of some fields by

imposing EOM in X-space .

This give => on-shell constrat

Y = J(x)+ i0j(x) - ij(x) +OcOyp(x) +toFNj(x) -tOCP25(x)
-to J) -

Then

2jp = 0

· less independent componentsD-T = 0

· no spirs 3 1
, otherwise cannot

gaye jt wout newgayefeds

↳So J spin-o.

· I not unique ↓ up
to Schwinger terms .

Since

[Qc ,Q] = 0.

= [Qc
, jp] = Oop .

- CpOaY=o



But

Ja*[Qc , jo] = o Oco = Star
.

Sattaas
A

This is a Schwinger term .

-> gives diff completions of T.
Above me close

Pap = -Zilpr)Pjp .

Supersymmetry current
Associated to fermionic chage

Q =fixSa
=>I

,
Sar3 = 2rTpu +Paar

&
since u = o do not integrate too

,
but gies IQ .Q3 -P .

=>get extraTpo .

Schwinger termsgives diff. completions , ey . Ferrara-Zumino multiplet
2Bra]p =DaX .

If X= 0 => SCFT .

eg. R-multiplet .

25Rp
=X

Sinal



AterElous

Now let us construct actions . Recall he have shown that 89 =0 for JUSY

Lagragic constructed from superfields. We can however her

82 = 2pVsusy ·

Let's look at what terro to put. Usesusy-trof- ongoodmultiplet
①D-terus

SD = 2) e++T +EFX)

= 2x = Ips
So construct real superfield &" and extract Dater,

2x =frodos?

②F-terus

Note

SF = 2p(iTEFP4)
So this is known as the F-term Layagian

St =JJF
If we only consider chiral superfields ,

we will have

[0]= MI

so a component has dim
. [Y] +2

.

[I] = M= = Tl] = M4-



Can write unconstrained :

SE =fa
DE=0 gives con

The mostgeneral form

SEEKLE) [K] = 2
.

· K not fu of DaE as this
gives higher derivatives >2

.

· mostgenera expression
K(,) =Zan cruz chm

Cane/3-Cutu) renorm

· Kahler potential. is Kahler-transform invariant
.

k + k + X() +x)
.

For intersections ,
we will need

~ chircel superfield .

Sa*OW()
2

W(,a)= g
:02(x

,0)

In fact
,

JaxdOY =IfY
manifestly chiral



but
going

backwards is not tree : D may
not exist

.

holot : JcW= Da = o

=>
Liv = SoW) +SEE) .

W =Za [w]= 3.

o = [W]+ 1
.

W is constrained by R-symmetry-

w() = W(p) +Joe + 00(4)

[= 1 = [w] = 3

↳at most cubic forenormalisability
So ingeneral we we

k(ii) =E

w = admij Fig+gikh .

Potential on shell is (F =)
V(P,)= P = FF

.

F-terro potential -



NLSMs
-

Allow for moregeneral terms (non-renormalisable terms) inthe theory exposes
convection bt geomating & QFTs

Let us star with NLSMs·

Def Antim Model is aQF encoded by geometric data.
Describes config, spaces

that are mappingspaces
into geneticspue

#- Map(X
config target

The Layragiac is then

2 = -Gabby .2.48

e.

g. Relativistic particles
9 :2-> M3

Garge field SEX ,
AER(X) .

Config, spee

C(IR
,X)/Diff(IR)

.

Linear-models
. P :-M

M3 Rh

2= t(29) ·(9) + Epip-(.4)

= Rijtj OCN) transform

=> X is a Riemannianwifd ingeneral .



What does SUSY bring tothetable?

Peop. The targetopae of 4d W=1 SUSY field thory is a kohler mainold .

* Killermanifold is a specific manifold. Let us illustrate
- -

· It is a ex
.
refd wI an integrable x,

structure J
.

· It Hermition udd equipped ol metric
g.

d=gpodder
There is a natural (1

,1)-form.

J= igpodz-de
* symplectic rofd is compatible of ex . structureI

~(IX
, [Y) = w(X

,Y)

=> g(x,y) = v(X,[Y) .

Kahler is all 3. natural 2-form J closed .

also 7 salar K on each patch st.

J = isk.

So how does SUSY F
-
T

- give
a killerwifd? Recall

2 = fi0 + (farc + c.c .)
We can think about going all the way & calculatingall thetens .

In particular wate

W(E) = w(p)+wiXi+wijA
:As

A = " -pi = zorig)-ooFly)



Then

Fi -wiF"-twiji
Di

Define [(= - :(x).: =Ei -Pi()

k= k(P,) + kix + cc
. +kijAA +tijj + Kij

x ---

Up to total derivatives we can extract

SK=(FFj +Sj-Eirigty +24j)
y ↑642pi+in 29

:
- 2:Fk)

only Kij enter

So invariant under -Kishit
Kahlertref.

+HiFite

Important -> all the terrs in Lyingian aregeoretic .

Use

F = (+WK -↳25Kemm .

: 2 = Kif(2+DT-Dpi) -(+)ij wiwi
- I (wij-[Wty:45 -c.

:
:

+tri :gre Aspected a
DpP" = 204" + 11 2414k

&W Special the




